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ABSTRACT 


A  question  which  has  concerned  topologists  for  sometime  is  the 
following:  since  the  product  of  even  two  paracompact  or  normal  spaces 

may  fail  to  be  paracompact  or  normal,  what  properties  must  these  spaces 
have  in  order  for  the  product  to  be  paracompact  or  normal?  In  this 
thesis,  we  report  the  best  of  the  known  results,  simplifying  the  proofs 
whenever  possible  by  assuming  that  all  spaces  are  Hausdorff. 

Chapter  I  is  devoted  to  a  study  of  paracompactness  and  normality 
in  small  products.  Specifically,  we  are  interested  in  those  spaces  X 
which  have  a  paracompact  or  normal  product  X*Y  with  every  space  having 
the  property  P  .  In  §2,  we  assume  that  Y  is  a  metric  space  and  prove 
a  result  due  to  K.  Morita,  namely  that  XxY  is  normal  for  every  metric 
space  Y  if  and  only  if  X  is  a  normal  P  -  space.  In  §3,  Y  is  any 
paracompact  space,  and  we  examine  three  independent  results  due  to 
K.  Morita,  Y.  Katuta,  and  T.  Ishii.  In  §4,  we  present  results  for  the 
case  when  Y  is  a  compact  metric  space  and  include  a  brief  discussion  of 
Dowker's  conjecture.  In  §5,  compact  spaces  Y  are  dealt  with  using 
Tamano's  famous  theorem  which  states  that  X  is  paracompact  if  and  only 
if  X*3X  is  normal. 

Paracompactness  and  normality  in  larger  products  are  considered 
in  Chapter  II.  In  §7  we  prove  three  theorems  which  express  conditions 
under  which  a  countable  product  of  paracompact  spaces  will  be  paracompact. 
§8  gives  a  similar  theorem  for  normal  products.  The  most  important  part  o 


- 

. 


(ii) 


Chapter  II  is  §9.  In  this  section,  the  unpredictability  of  higher 
powers  of  spaces  is  demonstrated  by  examining  some  examples  due  to 
E.  Michael. 

While  the  major  portion  of  our  thesis  is  devoted  to  paracompact- 
ness  and  normality,  Chapter  III  provides  some  results  for  other  properties 
in  product  spaces.  The  properties  considered  are  the  Lindelof  property 
(§11),  countable  compactness  (§12),  pseudocompactness  (§13),  and  perfect 
normality  (§14). 
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CHAPTER  I 


Paracompactness  and  Normality  in  Small  Products 


§  1.  Introduction. 

1.1.  In  1948,  R.  Sorgenfrey  gave  an  example,  now  well  known,  of  a 
paracompact  space  S  such  that  the  product  space  S*S  is  not  paracom- 
pact  or  normal.  The  space  S  ,  known  as  the  Sorgenfrey  line,  consists 
of  the  real  line  with  the  topology  which  has  as  a  base  all  half  open 
intervals  of  the  form  [a,b)  where  a  and  b  are  rational  and  a  <  b  . 

It  is  then  natural  to  ask  the  following  question:  given  two 
topological  spaces,  X  and  Y  ,  what  restrictions  must  be  placed  on  these 
spaces  in  order  that  the  product  space,  XxY  ,  be  paracompact  or  normal? 
This  question  has  been  studied  extensively  in  the  last  decade,  a  substan¬ 
tial  portion  of  the  work  having  been  done  by  K.  Morita,  H„  Tamano ,  and 
E.  Michael.  However,  the  known  results  are  by  no  means  complete  as  many 
questions  have  yet  to  be  resolved. 

The  purpose  of  this  chapter  is  to  present  and  simplify,  where 
possible,  some  of  the  known  results.  One  of  the  major  tasks  will  be  to 
give  a  detailed  and  organized  account  of  Morita* s  work.  Specifically, 
Morita  answers  the  question:  which  space  X  have  a  paracompact  or  normal 
product  with  every  metric  space  Y  ?  The  remaining  sections  in  this 
chapter  will  be  devoted  to  answering  the  same  question  for  some  other  class 
of  spaces  Y  .  In  some  cases,  necessary  and  sufficient  conditions  can  be 
given  for  the  space  X  .  In  others,  only  sufficient  conditions  are  availa¬ 


ble. 
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We  conclude  this  section  with  the  definitions  and  some 
important  results  concerning  paracompact  and  normal  spaces.  These  will 
form  the  foundation  for  our  exposition.  Note  that,  unless  otherwise 
specified,  all  spaces  will  be  assumed  to  be  Hausdorff.  This  assumption 
will  permit  simplification  of  some  of  the  results. 

1.2.  Review  of  Normality  and  Paracompactness .  A  topological  space  X 
is  said  to  be  NORMAL  if  for  every  pair  of  disjoint  closed  subsets  G  and 
H  of  X  ,  there  exist  disjoint  open  subsets  U  and  V  of  X  such  that 
U  =>  G  and  V  =>  H  .  The  elementary  properties  of  normal  spaces,  for 
example,  the  preservation  of  normality  in  closed  subspaces  or  closed  contin¬ 
uous  images,  can  be  found  developed  in  any  text  on  general  topology  ([W] , 

p.  100). 

A  topological  space  X  is  said  to  be  PARACOMPACT  if  every  open 
cover  of  X  has  an  open  locally  finite  refinement.  Recall  that  if  U 
and  1/  are  covers  of  a  space  X  ,  then  the  cover  U  is  said  to  REFINE 
the  cover  1/  if  each  U  e  U  is  contained  in  some  V  e  [/  .  A  cover  U  of 
the  space.  X  is  said  to  be  LOCALLY  FINITE  if  each  x  e  X  has  a  neighbor¬ 
hood  V  meeting  only  finitely  many  U  e  U  .  Some  important  facts  about 

X 

paracompact  spaces  are  that  an  F^  -  subset  (a  subset  which  can  be  written 
as  a  countable  union  of  closed  sets)  and  the  closed  continuous  image  of  a 
paracompact  space  are  paracompact.  Also,  the  topological  product  of  a 
compact  space^  and  a  paracompact  space  is  paracompact  ([W],  p.  148). 


1.  A  space  X  is  said  to  be  COMPACT  if  every  open  cover  of  X  has  a 
finite  subcover. 
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One  important  result  to  which  we  will  often  refer  is  that 
every  paracompact  space  is  normal  ( [W] ,  p.  147).  Of  course,  it  is  not 
true  that  every  normal  space  is  paracompact.  As  a  counterexample, 
consider  the  space  ftQ  of  countable  ordinals  with  the  order  topology. 

is  normal  but  not  paracompact  ( [ W] ,  p.  148).  Finally,  reference  will 
be  made  to  a  theorem  due  to  A.H.  Stone  which  states  that  every  metric 
space  is  paracompact  ( [ W] ,  p.  147). 

§2.  Metric  Spaces. 

2.1.  In  this  section  we  will  study  in  depth  Morita's  solution  to  the 
problem:  what  spaces  X  have  a  normal  product  with  every  metric  space 

Y  ?  Morita  has  done  a  great  deal  of  work  on  this  problem  and  to  our  know¬ 
ledge,  a  concise  account  of  his  research  does  not  exist. 

Morita's  major  result  is  that  the  product  XxY  is  normal 
for  every  metric  space  Y  if  and  only  if  X  is  a  normal  P-space.  Before 
proving  this  theorem,  we  will  have  to  discuss  in  some  detail  several 
concepts  and  establish  a  number  of  other  results.  We  have  been  able  to 
condense  some  of  Morita's  work  since  he  often  proves  more  than  is  necessary. 

2.2.  P-Spaces .  The  basis  of  Morita's  study  of  normal  products  is  a  class 

of  spaces  known  as  P-spaces.  A  topological  space  X  is  said  to  be  a 
P-SPACE  if  for  any  set  ft  of  indices  and  for  any  family 

{G(a^, • • •  ,ou)  |  e  ft  ;  i  =  1 ,2  ,  • • •  }  of  open  subsets  of  X  satis¬ 

fying  the  condition 

(1)  G(a1 ,  •  •  •  ,a±)  c  G(a!  >*  *  *  »ai»ai+1)  for  ai’“*>ai+l 


€  ft  ,  i  =  1 ,2  ,  •  • 


i 

. 


ft  ;  i  =  1 ,2  ,  •  •  • }  of 


there  exists  a  family  {F(a^  ,  •  •  •  ,01^)  | 
closed  subsets  of  X  satisfying  the  following  two  conditions: 


(2) 

(3) 


c  G(a^,»»»,a^)  for  a^,***,a^  e  ft  ,  and 


OO 

X  =  u  F(a  -,•••, a  )  for  any  sequence  (a  )  such  that 
i=l  1 


X  =  u  G(a  • ,a  ) 
i=l 


Examples .  (a)  The  "scattered  line"  ([W],  p.  40)  is  an  example  of  a 

space  which  is  not  a  P-space. 

(b)  It  is  easy  to  verify  that  X  is  a  P-space  in  each  of 

2 

the  following  cases:  (i)  X  is  paracompact  and  perfectly  normal  , 

(ii)  X  is  paracompact  Hausdorff  and  topologically  complete  in  the 

3  4 

sense  of  E.  Cech  ,  (iii)  X  is  countably  compact  and  normal,  (iv) 

X  is  a- compact'*  and  regul ar^Hausdorf f . 

2.  A  T  -  space  X  is  said  to  be  PERFECTLY  NORMAL  if  for  each  pair 
of  disjoint  closed  sets  A  and  B  in  X  ,  there  is  a.  continuous 
function  f  :  X  -+•  [0,1]  such  that  A  =  f~^(0)  and  B  =  f~^(l)  . 

3.  A  completely  regular  space  X  is  said  to  be  TOPOLOGICALLY  COMPLETE 
IN  THE  SENSE  OF  E.  CECH  if  X  is  a  Gg  -  subset  (a  subset  which  can 
be  written  as  a  countable  intersection  of  open  sets)  of  its  Stone- 
Cech  compactif ication. 

4.  A  topological  space  X  is  said  to  be  COUNTABLY  COMPACT  if  every 
countable  open  cover  has  a  finite  sub  cover. 

5.  A  topological  space  X  is  a-COMPACT  if  it  is  a  countable  union  of 
compact  subsets. 


' 
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The  following  lemma  provides  us  with  some  equivalent  conditions 
which  may  be  used  in  our  definition  of  P-space. 

Lemma  2.1.  Let  {G  (a^  ,  •  •  •  •  ,a^)  |  a^,****,a^  e  ft  ;  i  =  1,2,*»»}  be  a 

family  of  open  subsets  of  X  satisfying  condition  (1)  above.  Then  the 
following  statements  are  equivalent  for  a  normal  space  X  . 

(a)  There  exists  a  family  {FCa^ ,  •  •  •  ,0^)  |  a^,***,^  e  ft  ;  i  =  1,2,***} 
of  closed  subsets  of  X  satisfying  (2)  and  (3). 

(b)  There  exists  a  family  {F(a^ , • • • ,a^)  |  e  ft  ;  i  =  1,2,***} 

of  F^  -  subsets  of  X  satisfying  (2)  and  (3). 

(c)  There  exists  a  family  {F(a^ , • • • ,a^)  |  e  ft  ;  i  =  1,2,***} 

of  open  F^  -  subsets  of  X  satisfying  (2)  and  (3). 

Proof :  (a)  ->  (c)  :  Assume  that  (a)  holds.  Then  for  every  sequence  of 

elements  (a^)  from  ft  we  have  a  closed  set  F(a^,*»*,a^)  such  that 

F(a^ , • • • ,a^)  c  G(a  ,***,a^)  .  Since  X  is  normal,  there  exists  an  open 

F  -  subset  H(a, ,***,a.)  of  X  such  that  F(a,  .•••.a.)  c  H  (a.  ,  •  •  •  ,  a .  )  c 

a  1  *  i  1  l  1  l 

G(a^,«**,a^)  .  Conditions  (2)  and  (3)  obviously  hold  for  these  sets 
H(a.  , .  Hence  (c)  is  valid. 

JL  1 

(c)  (b)  :  The  is  obvious. 

(b)  -*  (a)  :  Assume  that  (b)  is  true.  Since  F(a^,*»*,a^)  is  an 
F^  -  subset  of  X  ,  there  exist  closed  subsets  C(a^ , * • • ,a^ ;k)  of  X 

6.  A  space  X  is  said  to  be  REGULAR  if  for  any  point  x  c  X  and  any  closed 
set  B  such  that  x  i  B  ,  there  exist  disjoint  open  sets  U  and  V 

such  that  U  3  x  and  V  3  B  . 


‘ 
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such  that  F(a^,**» 


CO 
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,a  )  =  u  C(a  ;k)  .  Let  us  put 

1  k=l  1  1 


K(ot^ ,  •  •  •  ,a^)  =  u{C(a1  ,•  •  •  ,a_.  ;k)  |  j  j<  i  ,  k  j<  1}  . 

Then  K(a^,***,oc)  is  closed  in  X  and  K(a^ ,  •  •  •  ,cc  )  c  G(a  ,  •  •  •  ,a_j.  )  , 

since  for  j  _<  i  ,  C(a^ , • • •  ,a. ;k)  c  F(a^,«**,a.)  c  G(a^,**»,a.)  c  G(a  ,***,a.) 

J  3  J 

oo 

Suppose  that  X  =  u  G(a  ,•••,(*  )  for  some  sequence  (a.)  .  Then  by 

i=l  1  1  1 

OO 

assumption,  X  =  u  F(a^ , • • • ,a^)  .  But  each  C(a^ , • • • ,a . ;k)  c  K(a^,***,a^) 

i=l  ^ 

OO 

for  some  i  such  that  i  j  ,  i  _>  k  .  Therefore  u  K(a  , •••  ,a  )  =  X  . 

i=l  1  1 

Hence  (a)  is  valid. 


We  can  make  our  definition  of  a  P-space  a  little  more  specific. 
If  m  is  a  cardinal  number  _>  1  ,  then  a  topological  space  X  is  said  to 
be  a  P(m)  -  SPACE  if  for  a  set  of  power  m  and  for  any  family 
{G  (a^ ,  • • •  ,  ou)  |  a  e  ft  ;  i  =  1,2,»*»}  of  open  subsets  of  X  such 

that 


(1)  G(a1,**‘,ai)  c  G(alt*»« ,ai>ai+1)  for  e  ^  ;  i  =  1,2,*** 

there  exists  a  family  {F (a,  , • • • ,a . )  I  Ot ,•••  ,a.  e  ;  i  =  1,2,*»*} 

I  i  l  i 

of  closed  subsets  of  X  satisfying  the  following  two  conditions: 


(2)  FCa^,***,^)  c  G(a^,*««,a^)  for  a^,***,^  c  ;  i  =  1,2,***  ,  and 

oo 

(3)  X  =  u  F(a  )  for  any  sequence  (a.)  such  that 

i=l  1  1  1 

OO 

=  u  G(a  ,  • • • ,a  )  . 
i=l 


X 


* 

. 


. 
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In  comparing  this  definition  to  our  definition  of  a  P-space,  it  is  appar¬ 
ent  that  the  only  difference  between  a  P-space  and  a  P(m)  -  space  is  the 
cardinality  of  the  index  set.  It  is  thus  obvious  that  X  is  a  P-space 
if  and  only  if  X  is  a  P(m)  -  space  for  each  cardinal  number  m  . 

The  following  results  exhibit  some  important  properties  of 
P (m)  -  spaces.  The  proof  of  Theorem  2.2  is  obvious. 

Theorem  2.2.  If  m  >  n  ,  then  any  P(m)  -  space  is  a  P(n)  -  space. 

Theo rem  2.3.  A  normal  space  X  is  a  P(l)  -  space  if  and  only  if  it  is 

countably  paracompact 

Proof :  It  is  well  known  ( [W] ,  p.  156)  that  a  normal  space  is  countably 

paracompact  if  and  only  if  whenever  (G^)  is  an  increasing  sequence  of 
open  sets  with  u  =  X  ,  then  (G^)  can  be  "contracted"  to  a  sequence 

(F^)  of  closed  sets  with  c  and  u  F  =  X  .  If  ft  =  {a}  ,  the 

only  sets  available  as  G(a  in  the  definition  of  P(l)  -  spaces 

are  G(a)  =  G^  ,  G(a,a)  =  G^  ,  and  so  on.  The  definition  of  P(l)  -  space 
in  this  notation  becomes  the  above  characterization  of  countable  paracom- 
pactness . 

Theorem  2.4.  Any  normal  P(m)  -  space  is  countably  paracompact. 

Proof:  This  follows  immediately  from  Theorems  2.2  and  2.3. 


7.  A  space  is  COUNTABLY  PARACOMPACT  if  and  only  if  every  countable  open 
cover  has  a  locally  finite  refinement.  (See  [W]  ,  p.  156  for  equiva¬ 
lent  definitions  of  countable  paracompactness . ) 


. 

, 


Theorem  2.5. 
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Let  f  be  a  closed  continuous  mapping  from  a  space  X 
onto  a  space  Y  .  If  Y  is  a  P(m)  -  space  and  if  f  ^(y)  is  countably 
compact  for  each  point  y  e  Y  ,  then  X  is  also  a  P(m)  -  space. 

Proof :  Let  {G  (a^  ,  *  •  •  ,a^)  |  e  ;  i  =  1,2,***}  be  a  family  of 

open  subsets  of  X  such  that  G(a^,»**,a  )  c  G(a^  , •  •  •  ,a_^ ,a  for 

0tl,***,ai  €  ^  where  |fi|  =  m  .  Let  us  put 


H(a1,»»*,ai)  *  Y  -  f(X-G(a1 


*oti)  ) 


Then  each  H  (a^  ,  •  •  *  ,  a_^)  is  open  in  Y  and  clearly  H(a^,**#,a^)  c 
H(a^  ,  •  •  •  ,a^  »ai+2.)  ^or  al  *  *  *  *  ,ai  ,ai+l  4  ^  *  We  show  that 

oo  oo 

Y  =  u  H(a,  , ••*,«.)  whenever  X  =  u  G(a..  ,  •  •  •  ,a. )  .  For  suppose  there 
i=l  i=l  1  1 


exists  y  e  Y  such  that  y  e  Y  -  u  H (a, .•••.a.)  .  Then  we  have  that 
°  °  i=i  1  1 

f  1(y  )  n  (X  -  G(ot^,  •  •  •  ,a^) )  ^  <J>  for  i  =  1,2,*  ••}  ,  and  hence  the  family 
{f  1(yQ)  n  (X  -  G(a^  ,•  •  •  ,a  ))  |  i  =  1,2,*««}  has  the  finite  intersection 
property.  Since  f  ^(y  )  is  countably  compact,  we  have 


n  (X  -  G(a  ,  •  •  •  ,a  ))  ^  <p 
i=l 


which  contradicts  our  assumption  that  X  =  u  G(a  _,•••, a  )  .  Hence 

i=l 

OO 

Y  =  u  ll(a  ,  •  •  •  ,a  )  . 
i=l 


Since  Y  is  a  P(m)  -  space,  there  exists  a  family 
{K(a^ ,  •  •  •  ,a^)  |  a1,«**,ajL  e  ^  ;  i  =  l,2,--«} 


of  closed  subsets  of  Y 


* 


- 
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such  that  K(a.^ ,  •  •  •  ,  a^)  r.  H(a^,***,a^)  and  Y  =  u  K(a^,*«*,a  ) 


when- 


1=1 


.-1 


ever  Y  =  u  H(a  )  .  Let  us  put  F(ct  , •••,<*,)  -  f  (K(a  ,•♦*,(*  )) 

1=1  11  11 


Then  each  F(a^,***,a^)  is  a  closed  subset  of  X  ,  and  we  have 

FC0^  >*  *  *  >0^)  c  f  ^(HCa^ , • • • ,0^)  =  X  -  f  1  [f  (X-G(a1 ,  •  •  •  ,0^)  )  ]  c  GCa^  ,  •  •  •  ,0^) 


Moreover,  if  X  =  u  G(a  ,***,a  )  ,  then  Y  =  u  H(a1,***,a.)  and  conse- 

i=l  11  i=l  1  1 

oo 

quently  X  =  u  F(a  ,**‘,a  )  .  Hence  X  is  a  P(m)  -  space. 
i=l 


Corollary.  If  X  is  a  P(m)  -  space  and  Q  is  a  compact  space,  then 
the  product  space  XxQ  is  a  P(m)  -  space. 

Proof:  The  projection  from  XxQ  onto  X  is  a  closed  continuous  mapping 

since  Q  is  compact.  Hence  Theorem  2.5  applies. 


2.3.  Normal  Coverings.  Let  X  be  a  topological  space.  An  open  covering 
(J  of  X  is  said  to  be  a  STAR-REFINEMENT  of  another  open  covering  V  if 
the  covering  (St.(U,U)  |  U  e  U}  is  a  refinement  of  1/  ,  where 
St. (U,U)  =  u{A  e  (J  |  U  n  A  ^  <J>}  .  A  sequence  {IL  [  i  =  1,2,«»*}  of  open 
coverings  of  X  is  said  to  be  NORMAL  if  is  a  star- refinement  of 

Li  for  i  =  1,2,**»  .  Finally,  an  open  covering  LI  of  X  is  said  to  be 

a  NORMAL  COVERING  if  there  is  a  normal  sequence  { |  i=l,2,***}  of 
open  coverings  of  X  such  that  is  a  refinement  of  U  . 

Normal  coverings  also  play  an  important  role  in  Morita's  study 
of  normal  products.  The  following  result  concerning  normal  covers  will  be 


needed  to  prove  the  main  result. 
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Lemma  2.6.  Let  G  =  (G^  |  a  r  Q}  be  a  normal  covering  of  a  space  X  . 

Then  Gxy  =  {G  XY  I  a  c  is  a  normal  covering  of  XxY  for  any  topol¬ 

ogical  space  Y  . 

Proof :  Let  {G^  |  i  =  1,2,*»»)  be  a  normal  sequence  of  open  covers  of 

X  such  that  G^  is  a  refinement  of  G  .  Consider  H ^  =  {GxY  |  G  e  G^} 
for  i  =  1,2,***  .  Then  for  any  subset  A  of  X  ,  we  have  that 
St.(AxY ,H^)  =  St.(A,G^)  x  Y  .  Therefore,  a  star“refinement:  °f 

H ^  for  i  =  1,2,* ••  .  But  then  |  i  =  1,2,*»*}  is  a  normal  sequence 

of  open  coverings  of  XxY  such  that  is  a  refinement  of  GxY  .  Hence 

GxY  is  a  normal  covering  of  XxY  . 

Lemma  2.7.  Every  a  -  locally  finite  open  covering  of  a  countably  para- 
compact  and  normal  space  is  normal. 

CO 

Proo f :  Let  G  =  u  G  be  a  a  -  locally  finite  open  covering  of  a 

i=l  1 

countably  paracompact  and  normal  space  X  .  Then  G^  is  locally  finite 
for  each  i  .  Let  G_^  =  u{G  |  G  e  G^}  .  Then  {G^  |  i  =  1,2,*»*}  is  a 
countable  open  covering  of  X  ,  and  since  X  is  countably  paracompact, 
there  exists  a  locally  finite  countable  open  covering  {H_^}  of  X  such 
that  H.  c  G.  for  i  =  1,2  •••  .  Then  {H.  nG  j  G  e  G  ,  i=l,2,***} 
is  a  locally  finite  open  covering  of  X  ,  and  hence  a  normal  covering  of 
X  (every  locally  finite  open  cover  of  a  normal  space  is  a  normal  cover) ,  and 
is  a  refinement  of  G^  .  Hence,  G  is  a  normal  covering  of  X  . 

The  following  theorem  provides  us  with  a  valuable  tool  which  we 
will  use  often  in  establishing  other  results.  It  gives  a  number  of  condi¬ 
tions  which  are  equivalent  to  a  cover  of  a  space  being  a  normal  cover. 


. 

' 

■ 
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Theorem  2.8.  Let  G  be  an  open  covering  of  a  space  X  .  Then  the 
following  are  equivalent: 

(a)  G  is  a  normal  cover; 

(b)  there  exists  a  continuous  function  f  from  X  into  a  metric  space 
Y  such  that  G  is  refined  by  the  inverse  image  of  some  open  cover 
of  Y  ; 

(c)  G  admits  a  locally  finite  open  normal  covering  as  its  refinement ; 

(d)  G  admits  as  its  refinement  a  locally  finite  open  covering  (H  }  , 

A 

each  set  of  which  is  expressed  as  H  =  {x  I  f  (x)  >  0}  where 

A  A 

f  :  X  [0,1]  is  a  continuous  function.  H  is  called  a  cozero 

A  A 

set ; 

g 

(e)  G  has  a  locally  finite  partition  of  unity  subordinated  to  it  ; 

(f)  G  has  a  partition  of  unity  subordinated  to  it; 

(g)  there  exists  a  normal  open  covering  {U^}  °f  ^  such  that  on  each 

of  the  subspaces  U  ,  the  covering  {G  n  U  [  G  e  G)  is  normal, 
v  Y  Y  1 


8.  A  PARTITION  OF  UNITY  is  a  collection  (j>  of  continuous  functions  from 
X  to  the  non-negative  reals  such  that ,  at  each  x  c  X  ,  ip(x)  /  0 
for  only  finitely  many  <p  e  <P  ,  and  )  t |;(x)  =  1  .  (J)  is  called 

LOCALLY  FINITE  if  and  only  if  each  x  e  X  has  a  neighborhood  on 
which  all  but  finitely  many  ip  e  (|)  vanish.  <f>  is  SUBORDINATED  to  a 
cover  (J  of  X  if  and  only  if  each  ip  e  (p  vanishes  outside  some 
U  c  U  . 


■ 

- 
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Proof :  (a)  -*  (b)  .  This  is  well  known  ( [W ]  ,  p.  167). 

(b)  -*  (a)  .  Let  G  be  an  open  cover  of  X  .  By  assumption, 

there  exists  a  continuous  map  f  :  X  -*  Y  ,  a  metric  space,  such  that  G 
is  refined  by  the  inverse  image  of  some  open  covering  of  Y  ,  say  U  . 

But  Y  is  a  metric  space,  and  hence  paracompact.  By  Theorem  20.15 
([W],  p.  151),  every  open  cover  of  a  paracompact  (T^)  space  is  normal. 
Hence  U  is  a  normal  cover  and  so  there  exists  a  normal  sequence  of 
covers  {CL)  such  that  U ^  refines  U  .  The  inverse  images  under  f 
of  these  covers  will  be  a  normal  sequence  and  f  ^((J^)  =  {f  ^(U)  j  U  e 

refines  G  .  Therefore  G  is  a  normal  cover  of  X  . 

(b)  ->  (c)  .  Suppose  G  is  an  open  cover  of  X  .  By  assumption, 
there  exists  a  continuous  map  f  :  X  -*  Y  ,  where  Y  is  a  metric  space, 
such  that  G  is  refined  by  the  inverse  image  of  some  open  covering  of 

Y  ,  say  U  .  But  every  metric  space  is  paracompact.  Hence  U  has  an 
open  locally  finite  refinement,  say  \I  .  Consider  the  inverse  image 
under  f  of  1/  .  Certainly  f  ^((/)  =  {f  ^  (V)  [  V  e  l/}  is  an  open  refine¬ 
ment  of  G  and  is  locally  finite.  Finally  we  can  show  that  f  ^(l/)  is 
a  normal  covering  as  in  (b)  -*  (a)  . 

(c)  (d)  .  Let  G  be  an  open  cover  of  X  .  Then  by  part  (c) , 

G  has  a  refinement  U  which  is  locally  finite,  open,  and  is  a  normal 
cover.  Therefore,  there  exists  a  normal  sequence  of  open  covers  {U  } 
such  that  =  U  and  star- refines  for  i  =  2,3,* ••  .  Hence, 

X  is  pseudometrizable  ([W],  Theorem  23.4,  p.  167).  Let  p  be  a  pseudo¬ 
metric  on  X  .  Note  that  by  the  same  theorem,  we  may  assume  that  the 
covers  U are  open  in  the  p  -  topology. 


■ 


- 
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Consider  any  U  c  tl  ,  and  let  II  =  X  -  (X  -  U  )  ,  where 

A  A  A 


(X  -  Ux)  denotes  the  closure  of  X  -  in  the  p  -  topology.  Then 

for  each  A  ,  H^  c  }  and  is  open  in  the  p  -  topology  (which  is 

weaker  than  the  original  topology).  Clearly  (H  }  is  locally  finite. 


We  must  show  that  the  collection  (H. }  covers  X  and  that  each  H.  is 

A  A 

a  cozero  set.  Consider  any  x  e  X  .  Then  x  e  U„  for  some  U„  e  Un 

2a  2a  2 

But  U_  c  U  for  some  U  e  U  .  So  we  have  x  e  U„  <=  U  .  We  will 
2a  y  y  2a  y 


p  - p 

show  that  x  e  =  X  -  (X  -  U^)  .  But  x  e  X  -  (X  -  U^)  if  and  only 


if  x  i  X  -  if  and  only  if  x  has  a  p  -  neighborhood  inside  . 


This  is  clearly  the  case  since  x  e  U„  c  U  ,  and  U_  is  open  in 

2a  y  2a 

p  -  topology.  Hence  (H^ }  covers  X  . 


the 


To  show  that  each  H,  is  a  cozero  set,  let  us  define 


p(x,X-H  ) 

£X:X-[0,1]  by  fx(x)  =  j  +  p(XjX.H  )  • 


Then  f^  is  continuous  for 


each  A  and  furthermore  f^ (H^)  >  0  and  f x (X-H  )  =  0  .  Hence  each  H^ 
is  a  cozero  set. 

f  (x) 

(d)  ->  (e)  .  Let  f(x)  =  £  f  (x)  and  define  ^  (x)  =  -y^— ^  . 

A 

Then  ^  is  a  continuous  function  and  0  _<  a  (x)  _<  1  for  every  x  e  X  . 

A  A 

Consider  any  x  e  X  .  Now  x  is  contained  in  only  finitely  many  H  *s  , 


say  H  ,***,H  (since  {H  }  is  locally  finite  and  hence  point  finite). 

1  n  A 

Therefore  f  (x)  =  0  and  so  <j>  (x)  =  0  for  A  ^  l,***,n  .  Then  clearly 
A  A 


we 


have  £  <j>  (x)  =  1  .  So  (<j)  }  is  a  partition  of  unity  on  X  . 


Now  consider  any  function  <j>  in  the  partition.  Since  f  = 


outside  H  ,  we  have  that  <f>  =  — —  =  0  outside  H  .  But  H  c  G  for 

A  At  A  A 


0 


- 


■ 
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some  element  G  of  the  cover  G  .  Hence  <j>  vanishes  outside  some 

A 

element  of  the  cover  G  which  implies  that  the  partition  of  unity  {<j>  } 

A 

is  subordinated  to  G  . 

(e)  ->  (f)  .  This  is  obvious. 

(f)  -*■  (a)  .  Let  |  X  e  A}  be  a  partition  of  unity  on  X 

which  is  subordinated  to  the  cover  G  .  Then  we  have  that  each  <J>  is 

A 

a  continuous  map  from  X  into  [0,1]  such  that  7  cp  (x)  =  1  for  every 

X  A 

x  e  X  and  (x  |  <f>  (x)  >0}  is  contained  in  some  element  of  the  cover 

A 

for  each  X  e  A  .  Consider  the  subset  M  of  the  product  1^  consisting 

A  r 

of  all  points  y  e  I  with  y  =  0  except  countably  often  and  ^  y  =  1  . 

X  x  A 

Define  a  metric  d  on  M  by  d(y,z)  =  7  |y  -z.  |  .  Define  a  map 

XeA 

<J>  :  X  -*  M  by  [<t>(x)]  =  <f>  (x)  .  Then  <f>  is  a  continuous  mapping  of  X 

A  A 

into  M  .  For  given  a  point  xq  of  X  and  e  >  0  ,  we  can  find  a  finite 

subset  T  of  A  and  a  neighborhood  U  of  x  such  that  /  <J>,  (x  )  <  e 

0  Air  x  0 

and  7  1 d>,  (x)  -  <j>,  (x  )  I  <  e  for  x  e  U  .  But  then 

L  1  TX  X  o  1  o 

A  £  1 

l  VX>  =  I  ‘W  -  Vx))  +  I  VXo> 

x^r  Xer  x*t 

;  1  |4\00  -  <k(x  )|  +  I  MO  <  2c  • 

Acr  x  x  °  A/r  A  ° 


Hence 


d(4>(x)  ,<fr(x  ))  <  l  |<l>,(x)  -  <h  (x  )  I  +  £  <  l  (4i,(x)  +  MO) 
°  Air  X  A  °  Air  x  X  ° 


+  e  <  2c  +  e  +  e  =  4c 


. 
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for  every  x  c  U 

o 


Let  =  {y  e  M  |  yx  >  0}  .  Then  the  ' s  are  open  subsets 

of  M  and  cf>(X)  c  u  V  ;  that  is,  (V.}  is  an  open  cover  of  cp (X)  . 

X  A  A 

Furthermore,  <p  ^(V  )  =  {x  |  4>x(x)  >  0}  .  So  <j)  ^(V^)  is  contained  in 
some  member  of  G  .  Hence  by  (b)  ,  G  is  a  normal  covering. 


(a)  -+  (g)  .  Let  G  be  a  normal  open  cover  of  X  .  Then  there 

exists  a  normal  sequence  of  open  covers  {G^}  such  that  G^  refines  G 

and  G^+^  star- refines  G^  for  every  i  =  1,2,»»»  .  Clearly  every 

open  cover  in  a  normal  sequence  is  a  normal  cover.  Consider  G^  =  {U^}  , 

and  let  us  look  at  any  one  of  the  subspaces  .  We  must  show  that 

(G  n  U  I  G  e  G}  is  a  normal  cover  of  U  .  Let  H.  -  {G.  n  U  I  G  e  G.} 

y  1  Y  i  l  y  i  i 

for  every  i  >  1  .  Then  clearly  is  a  normal  sequence  of  open 

covers  of  U  ,  and  refines  {G  n  U  I  G  e  G}  .  Hence  there  exists 

Y  2  Y 

a  normal  open  covering  {U^}  of  X  such  that  on  each  of  the  subspaces 

,  the  covering  (G  n  |  G  e  G}  is  normal. 


(g)  -*  (a)  .  Let  {V  }  be  a  normal  open  covering  of  X  which 


is  a  star- refinement  of  {U^}  .  Let  {<J>X  |  X  e  A}  be  a  partition  of 

unity  on  X  which  is  subordinated  to  {V  }  .  We  will  assume  that 

A 

{x  I  cp  (x; )  >  0}  c  V  for  each  X  e  A  .  Now  V  is  contained  in  some 
A  A  A 

element  U  of  {U  }  and  so  {G  n  V,  I  G  e  G)  is  a  normal  covering  of 
Y  Y  a 


the  subspaces  V 


Let  {f  |  y  e  T. }  be  a  parition  of  unity  on  V 

A 


x 


y 


which  is  subordinated  to  this  covering.  Put 

r 


(x)  •  f.  (x)  for  x  £  V 


4>x  (x)  =  \ 

y 


o 


for  x  £  X  -  V, 


‘ 

' 

. 


16 


Now  “  0  for  x  e  .  Therefore  (x)  is  continuous  over 

y 

X  .  Since  <}>^(x)  ~  l  <f>^  (x)  for  x  e  X  ,  we  have  £  <j>  (x)  =  1 

yel^  y  X,y  y 

for  x  e  X  .  Moreover,  we  have  that 


<x  1 

X (x) 

>  0}  c  {x  |  <f>^(x)  >  0)  n  {x  |  f,  (x)  > 

0}  , 

y 

y 

and  that  {x 

f* (x) 

>  0}  is  contained  in  some  element  of 

G  .  Hence 

y 

|  X  e  A  ,  y  e  T^}  is  a  parition  of  unity  on  X  which  is  subordina- 

y 

ted  to  G  .  Hence,  by  (f)  ,  G  is  normal. 

The  remaining  two  theorems  in  this  section  are  vital  to  the 
proofs  of  the  two  main  lemmas  which  will  be  needed  to  establish  the  major 
result.  Each  is  a  consequence  of  Theorem  2.8.  The  first  gives  an  impor¬ 
tant  characterization  of  countable  paracompactness  and  normality  in  terms 
of  normal  coverings.  Theorem  2.10  provides  a  sufficient  condition  that 
guarantees  that  a  given  cover  of  a  topological  space  is  normal. 

Theorem  2.9.  Let  X  be  a  topological  space.  Then  X  is  countably 
paracompact  and  normal  if  and  only  if  every  countable  open  covering  of  X 
is  a  normal  covering^. 


9.  Morita  states  and  proves  a  more  general  form  of  this  result.  He  is 
able  to  prove  that  X  is  m  -  paracompact  and  normal  if  and  only  if 
every  open  covering  of  X  with  power  _<_  m  is  a  normal  covering. 

(X  is  said  to  be  m  -  PARACOMPACT  if  every  open  cover  of  power  m 
has  an  open  locally  finite  refinement). 
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Proof : - >  .  Suppose  X  Is  countably  paracompact  and  normal,  and 

let  G  =  {G^}  be  a  countable  open  covering  of  X  .  Since  X  is  counta¬ 
bly  paracompact,  {G^}  is  shrinkable;  that  is,  it  has  an  open  refinement 
{V  }  with  V  c  G  for  each  n  ([W],  p.  156).  Then  for  each  n  ,  V 
and  X  -  G^  are  disjoint  closed  sets  in  X  .  Hence  by  normality,  there 

exists  a  Urysohn  function  f  :  X  -*  [0,1]  such  that  f  (V  )  =  1  and 

n  *  n  n 

fn 

f  (X  -  G  )  =  0  .  Consider  <j>  =  —  where  f  =  )  f  .  We  will  show  that 

n  n  n  f  L  n 


U  ) 

n 

each 

thus 


n 


is  a  partition  of  unity  subordinated  to  the  cover 

<f>  is  continuous  since  f  is  continuous  for  each 
n  n 

continuous).  Consider  any  x  e  X  .  We  have  that 


l  <PnM  = 


n 


f  x  (x )  +  f2(x)  + 

fOO 


=  1 


{G^}  .  Clearly, 
n  (and  f  is 


Furthermore,  each  <}>  vanishes  outside  some  element  of  the  cover  (G  } 

n  n 

since  for  each  k  ,  the  function  ^  vanishes  outside  G^  .  Therefore, 
{ <f>n }  is  a  partition  of  unity  subordinated  to  the  cover  {G^}  .  So,  by 
Theorem  2.8,  {G^}  is  a  normal  covering. 


< -  .  Suppose  every  countable  open  cover  of  X  is  a  normal 

cover.  By  part  (c)  of  Theorem  2.8,  we  have  that  every  countable  open  cover 
has  an  open  locally  finite  refinement.  So  X  is  countably  paracompacy. 


To  show  that  X  is  normal,  let  G  and  H  be  any  two  disjoint 
closed  subsets  of  X  .  Then  (X  -  G  ,  X  -  H)  is  a  countable  open  cover 
of  X  ,  and  hence  is  normal.  By  part  (f)  of  Theorem  2.8,  there  exists  a 
partition  of  unity  {<}>^}  subordinated  to  the  cover  {X  -  G  ,  X  -  H}  .  Now 
each  element  of  the  partition  must  vanish  outside  some  element  of  the  cover. 


' 


- 

. 
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So  there  exists  a  function 


X  -  H  ;  that  is,  <J>  (H)  = 


a. 


<f>  e  {<}>  }  such  that  <J) 
ra2  a  a2 

<P 

al 

Consider  f  =  - - - - 

<p  +  (p 

al  a2 

[0,1]  and  f (G)  =  1  ,  f (H) 


('{<!>}  such  that  (I  vanishes  outside 
“l  01  W1 

0  .  Similarly,  there  exists  a  function 

vanishes  outside  X  -  G  ;  that  is  <j>  (g)  =  0  . 

a2 

Then  f  is  a  continuous  function  from  X  into 

=  0  .  Hence  X  is  normal  by  Urysohn’s  Lemma. 


Theorem  2.10.  Let  G  =  £  G  be  a  a  -  locally  finite  open  covering  of 

i=l 

a  topological  space  X  where  each  G^  =  {G  |  a  e  is  a  locally 

finite  collection  of  subsets  of  X  .  If  for  each  G.  there  exists  a 

ia 

continuous  mapping  ip,  :  X  ■+  [0,1]  such  that  G.  =  (x  I  ip,  (x)  >  0}  , 

ia  ia  1  ia 

then  G  is  a  normal  covering. 


Proof :  Each  G^  is  locally  finite,  so  ^(x)  =  £  ^^(x)  a 

aefi . 

l 

continuous  function  over  X  .  For  x  e  X  ,  let  us  put 

00  ^  (x) 

ip(x)  =  l  - 

1=1  2  (1  +  ^.(x)) 

Then  \p  is  a  continuous  function  over  X  ,  and  since  G  is  a  covering  of 
X  ,  we  have  that  ip(x)  >  0  for  every  x  £  X  .  Now  for  x  £  X  ,  let 


Ti«w  =  3 


ip.  (x)  00 

- — -  .  Then  we  have  that  £  £  Y.  (x)  =  1  for 

2J~ip(x)  (1  +  ip±  (x) )  i  =1  acfi^  la 

x  £  X  ,  and  G.  =  (x  I  Y.  (x)  >  0}  .  Hence  (4\  |  a  £  ft  ,  i  =  1 ,2 ,  •  •  • } 
’  ia  1  ia  ia  i 

is  a  partition  of  unity  subordinated  to  G  .  So  by  Theorem  2.8,  G  is  a 


normal  covering. 


. 
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2.4.  Balre  Spaces.  Let  ft  be  a  non-empty  set,  and  let 
and  3  =  (3^)  be  any  two  sequences  of  elements  from  ft  . 
p(a,3)  by 


a  =  (a^) 

If  we  define 


p(a,3) 


if  a.  =  3.  for  i  <  k  and  a,  ^  3, 
i  i  k  k 


0  if  a.  =  3.  for  i  =  1,2,*** 
ii 

then  the  set  of  all  sequences  of  elements  from  ft  determine  a  metric 

space.  This  metric  space  is  denoted  by  N(ft)  and  is  called  a  BAIRE 

SPACE.  If  we  put  V  (a^ ,  •  •  •  ,a^)  =  {(3^)  I  3^  =  a]_»***»3i  =  '* 

( 3 j )  e  N(ft)}  ,  then  the  family  { V(a^ , • • • ,0^)  |  , • • • , a^eft  ;  i  =  1,2,***} 

is  an  open  basis  of  N(ft)  .  Hence  the  weight^®  of  N(ft)  is  equal  to  |ft| 

or  Y  according  as  I  ft |  >  y  or  2  <  I  ft  I  <  x 

o  1  1  —  o  —  1  1  —  o 


The  importance  of  Baire  spaces  lies  in  the  fact  that  the  two 
main  lemmas  preceeding  our  major  result  provide  a  characterization  of  a 
normal  P  -  space  in  terms  of  a  normal  product  with  a  subspace  S  of  the 
Baire  space  N(ft)  .  The  main  result  then  follows  since,  for  any  metric 
space,  we  can  find  a  subspace  of  the  Baire  space  and  a  closed  continuous 
mapping  from  this  subspace  onto  the  metric  space.  Essentially  this  is 
the  statement  of  Theorem  2.11  which  follows  immediately.  It  should  be 
pointed  out  that  Theorem  2.11  is  an  abbreviated  form  of  a  more  general 
result  which  Morita  proves. 


10.  The  WEIGHT  of  a  space  is  the  least  cardinal  of  an  open  basis. 


_ 
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Theorem  2.11.  Let  £2  be  a  set  of  power  m  where  m  XQ  •  If  X 
is  a  metric  space  of  weight  _<  m  ,  then  there  exists  a  subspace  S  of 
the  Baire  space  N(£2)  and  a  closed  continuous  map  g  from  S  onto  X 
such  that  g  l(x)  is  compact  for  every  x  e  X  . 

Proof:  Let  X  be  a  metric  space  of  weight  _<  m  .  Then  there  exists 

a  countable  family  {G^}  of  open  coverings  of  X  such  that  each  G^  is 
a  locally  finite  covering  consisting  of  subsets  of  diameter  _<  2  ^  with 
respect  to  some  metric  on  X  .  (The  existence  of  such  a  family  is  guar¬ 
anteed  by  a  well-known  theorem  of  A.H.  Stone.)  By  assumption,  we  may 
index  the  sets  of  G^  using  elements  of  £2  ,  so  let  G  =  (G(a;i)  |  ae£2}  . 

Now  let  S  be  the  set  of  points  a  =  (a^o^,***)  of  N(£2)  such  that 
00  00 

n  G(a.  ;i)  ^  <j>  ,  and  put  g(a)  =  n  G(a,  ;i)  for  (a..  ,ou  >  •  •  •  )  e  S  . 
i=l  1  i-1 

Then  g(a)  consists  of  a  single  point  and  g  is  a  closed  continuous  map 
from  S  onto  X  .  Furthermore,  g  ^(x)  is  compact  for  each  point  x  e  X  . 
(For  a  proof  of  these  statements,  see  Mo^  .) 

The  following  theorem  provides  a  condition  which  is  sufficient 
to  guarantee  that  a  zero  dimensional  space  is  homeomorphic  to  some  subset 
of  the  Baire  space  N(£2)  .  The  dimension  of  a  space  can  be  defined 
several  ways.  The  definition  we  will  use  is:  a  space  is  said  to  have 
DIMENSION  _<  n  if  for  any  finite  open  covering  of  the  space,  there  exists 

an  open  refinement  of  order‘d  _<  n+1  .  Therefore,  X  is  said  to  have 

dimension  zero  if  every  finite  open  covering  of  X  can  be  refined  by  a 
cover  of  disjoint  open  sets. 

11.  A  covering  of  a  space  is  said  to  have  ORDER  n  if  each  point  of  the 

space  belongs  to  at  most  n  elements  of  the  cover. 


•  >1  1 

. 

. 
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Theorem  2.12.  Let  X  be  a  space  of  dimension  zero.  If  is  a  set 
whose  cardinal  number  is  not  less  than  the  cardinal  number  of  a  basis  of 
open  sets  of  X  ,  then  X  is  homeomorphic  to  a  subset  of  N(ft)  . 

Proof:  Let  X  be  a  space  of  dimension  zero.  Then  there  exists  a  counta¬ 

ble  collection  of  open  coverings  {lO  of  X  such  that 
U  =  {U  |  U  e  U ^  ,  i  =  1,2,* ••}  is  a  basis  of  open  sets  of  X  and 
(Jn  =  {UCo^  ,*  •  •  ,an>  |  ,  i=l  ,2 ,  •  •  *  ,n)  ,  n  =  0 

for  ^  ^l»***,en^  *  ^  u(ai  »#  *  *  »an-l^  =  u  u(“i  >  *  *  *  >an_i » • 

Now  for  every  point  p  e  X  and  any  n  ,  there  exists  only  one  non-empty 
set  U(a^  ,  •  •  •  ,01^)  of  containing  p  .  Hence  define  a  mapping  of  X 

into  N(fi)  by  f(p)  =  where  p  e  U(a^,«**,an)  for  n=l,2,***  . 

It  is  easily  verified  that  f  is  a  topological  mapping  of  X  onto  a  subset 
of  N(fi)  . 

2.5.  Preliminary  Lemmas.  In  this  section  we  will  state  and  prove  the 
four  principal  results  from  which  our  main  theorem  follows.  The  first 
result  is  stated  as  a  theorem  since  it  is  very  interesting  in  its  own 
right.  It  is  well  known  that  every  closed  subset  of  a  normal  space  is 
normal.  The  theorem  gives  a  condition  under  which  an  open  subset  of  a 
normal  space  is  normal,  namely  if  that  subset  is  an  . 

Theorem  2.13.  An  open  subset  of  a  normal  space  is  normal. 

Proof :  Let  X  be  a  normal  space  and  let  U  be  an  open  F^  subset  of 

00 

X  .  Then  by  normality,  U  can  be  written  as  U  =  u  F  where  F  is 

n»l 

closed  (and  hence  normal)  in  X  and  F  c  Int.  F 

n  i 


for  all  n  . 


. 


22 


Let  A  be  closed  in  U  and  let  f  :  A  ^  [0,1]  be  continuous. 

Furthermore,  let  fR  =  f  |  (F^  n  A)  .  By  the  normality  of  F^  ,  f  can 

be  extended  to  a  continuous  map  :  F^  ->  [0,1]  .  Now  by  the  normality 

of  F£  ,  the  map  u  f2  can  be  extended  from  (F^uA)  n  F2  to  a  map 

g2  :  F2  -*■  [0,1]  .  Continuing  inductively,  we  can  define  a  continuous  map 

g  :  F  -+■  [0,1]  for  each  n  such  that  g  I  F  ,  =  g  .  .  The  maps 

n  n  °n  '  n-1  n-1 

g(x)  =  g^(x)  ,  x  e  F^  ,  is  then  an  extension  of  f  ,  and  is  continuous  at 

every  x  e  U  since  x  e  Int.  F  for  some  n  (so  that  g  coincides  with 

n 

some  g^  of  a  neighborhood  of  x  ).  Hence  U  is  normal. 

Corollary .  An  open  F^  subset  of  a  countably  paracompact  and  normal 
space  is  countably  paracompact  and  normal. 

OO 

P ro o f :  Let  X  be  countably  paracompact  and  normal,  and  let  U  =  u  F 

n=l 

OO 

be  an  open  F  subset  of  X  .  Consider  U*I  =  u  (F  xl)  .  Then  by  the 

n=l 

argument  above,  Uxl  is  normal.  But  I  is  a  compact  metric  space,  so 
U  is  countably  paracompact  and  normal  ([W],  Theorem  21.4,  p.  157). 

The  major  result  of  this  section  follows  immediately  from  the 
following  lemmas.  Note  that  Lemma  2.15  is  the  converse  of  Lemma  2.14. 

Lemma  2.14.  Let  X  be  a  normal  P (m)  -  space  and  ft  a  set  of  power  m  , 
where  m  _>  2  .  If  S  is  a  subspace  of  the  Baire  space  N(ft)  ,  then  the 
product  space  XxS  is  normal. 

Proof :  Let  M  =  (M^  |  i  =  1,2,»»*}  be  any  countable  open  covering  of 

XxS  ,  where  S  is  a  subspace  of  N(ft)  .  Let 


■ 

* 


- 
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V(a1>***,ai)  =  {  (0  )  |  0^  =  ai>***>31  =  5  (3.)  e  N(fi)} 

Then  {V(a^ ,  •  •  •  ,a^)  n  S  |  e  Q,  ;  i  =  1,2,*»*}  forms  an  open 

basis  of  S  .  For  a  refinement  of  M  ,  we  can  find  an  open  cover 

(1)  {L(a1,***  ,ai;k)x[V(a1>«*»  ,ai)nS]  |a1,***  ,aief2  ;  i=l,2,“*  ;  k=l,2,*** 
such  that  the  L(ot  ,  •  •  •  ,a_^  ;k)  are  open  subsets  of  X  and 

(2)  L  (a^  ,  •  •  •  , ;k)  x  [V^ ,  •  •  •  , ou)  n  S]  c 

for  e  ft  ;  i  =  1,2,*»*  ;  k  =  1,2,***  . 

Note  that  L(a^  ,  •  •  •  ,a^  ;k)  =  <f>  if  V(a^  ,•  *  *  ,ou)  n  S  =  <J>  . 

Now  for  j  <  i  ,  we  have  that 

L(a  , • • • ,a . ;k)  x  [V(a1 , • • • ,a  ,  •  *  •  ,0^)  n  S]  c  L(a1 ,• • • ,a  ;k) 

J  J  J 

x  [V(a1 • • ,a  )  n  S]  c  . 
i 


Let  us  put 

(3) 

(4) 


G(a1  ,  •  •  •  ,a.  ;k)  =  u  L(a,  , •  *  •  ,a  .  ;k)  .  Then  we  have  that 

j=i  J 

G(a  ,ai;k)  x  [V(«1 , • • • ,ai>  n  S]  c  ,  and 

G(a1 ,• • • ,a± ;k)  c  G (o^ , • • • ta± ,ai+1 Jk) 


} 


Now  let 


oo 

G (a  , • *  * ,a  )  =  u  G(a  ;k) 

L  k=l 


(5) 


. 


. 
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Obviously  from  (4)  we  have  that 

(6)  G(a^  ,*  •  •  ,01^)  c  G  (a^  ,*  •  •  ,0,^  >ai+1)  for  ai’***,ai+i  e  ^  * 

We  must  show  that 

00 

(7)  X  =  u  G(a  ,  •  •  •  ,a. )  for  (a  ,a„ ,  • • • )  e  S  . 

i=l  1  1 

To  prove  this,  let  (a^o^,***)  be  any  point  of  S  .  Now 
(al>a2>***)  e  V(3^ ,• • • , 3^ )  n  S  if  and  only  if  3^  =  “^,***,3^  =  . 

Also  (1)  is  a  covering  of  XxS  .  Then  from  (5)  we  get  that 

oo 

Xx(a1#a2,«'«)  c  u  G(a1,**«,ai)  x  [  V  (ot1 ,  •  *  •  ya±)  n  S] 

Hence  (7)  follows. 

By  assumption,  X  is  a  normal  P(m)  -  space.  Therefore,  by 
Lemma  2.1,  there  exists  a  family  {H(a^ ,  •  •  •  ,01^)  |  a^,*»*,a^eft  ;  i=l,2,***} 

of  open  F  subsets  of  X  such  that 

a 

(8)  H(a^ , • • • ,a^)  c  G(a^,***,a^)  for  a^,*‘*,0L  e  ft  ,  and 

00 

(9)  X  =  u  H(a-.,**‘,a,)  for  (a. ,a9 , • • • )  e  S 

i=l 

By  Theorem  2.4,  we  have  that  X  is  countably  paracompact.  and  normal.  Now 
each  H(a^,***,a  )  ism  open  F^  subset  of  X  ,  and,  by  the  Corollary  to 
Theorem  2.13,  each  H  (a^  ,  •  •  •  ,a^)  is  countably  paracompact  and  normal. 
Consider  the  countable  open  covering 
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{G(a^  ,  •  •  •  ,a^  ;k)  n  H(a^ , *  * • ,a^)  |  k  =  1,2,***} 

of  the  subspaces  H(a^,***,a  )  .  By  Lemma  2.7,  it  is  a  normal  covering. 
Hence,  by  Lemma  2.6,  the  cover 

{ [GCa^ , • • • ,ai ;k)  n  , • • • ,a  ) ]  x  [VCa^  ,•  •  •  ,0^)  nS]  |  k  =  1,2,**-} 

is  a  normal  covering  of  the  subspace  H(a^,***,ou)  x  [V  (a^  ,  •  •  •  ,  a^)  nS  ] 
of  XxS  . 

Now  X  is  normal  and  each  H  (a^ ,  •  •  •  ,ou  )  is  an  open  sub¬ 
set  of  X  .  Thus,  there  exists  a  continuous  mapping  ip(  ;a  ,  : 

X  ->  [0,1]  such  that  H(a  ,*»*,a  )  =  (x  j  \p  (x  ;a^ ,  •  •  •  ,a^)  >  0}  .  Likewise 
for  each  V(a^,**»,a  )  n  S  ,  there  exists  a  continuous  map 
T(  ;ot^  ,*  •  •  ,ou  )  :  S  -*■  [0,1]  such  that 

V(a  ,‘**,a^)  n  S  =  (s  |  T  (s  ;a^  ,  •  •  •  ,oi^)  >  0} 


So 

(10)  H(a1,***,ai)  x  [V(a1>* • • ,ai)  n  S] 

=  {  (x ,  s )  |  iKx;^,***  ,0^)^  (s  ,0^  ,  •  •  •  ,a±)  >  0} 

and  ijj(x;a^  ,*  *  *  ,  a_^)  T  (s  ;  ,  •  •  •  ,  a^)  is  continuous  over  XxS  .  But 

(V(a  ,  •  •  •  ,ai)  n  S  |  a1,**‘,ai  €  ^  >  1  =  1>2>***}  is  a  °  ~  locally  finite 

collection  in  S  .  Therefore  the  family 

R  =  (H(a1  ,• • • ,0^)  x  [V(a1 ,* • • ,ai)nS]  |  a1,***»ai  e  n  1  1  =  1>2>***} 


* 


' 
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is  a  -  locally  finite  in  XxS  ,  and  from  (9)  ,  R  covers  XxS  .  So 
the  family  R  of  subsets  of  XxS  is  a  a  -  locally  finite  open  covering 
of  XxS  ,  and  by  Theorem  2.10,  it  is  a  normal  covering  of  XxS  . 

We  have  already  shown  that  { [G(a^ , • • • ,a^ ;k)  n  H(a^  ,  • • • ,a^) ] 
x  [V(a^  , • • • ,a^)  nS]|k=l,2,»**}  is  a  normal  cover  of  the  subspace 
> *  *  * >a^)  x  [ V(a^ , • • • ,ol)  n  S]  and  moreover,  it  is  a  refinement  of 
the  covering  (H(a^  ,  •  •  •  ,ou)  x  [V(a^ ,• • • ,a^)nS]  n  |  k  =  1,2,***}  by 
virtue  of  (3).  Therefore,  by  part  (g)  of  Theorem  2.8,  M  is  a  normal 
covering  of  Xxs  .  But  M  is  an  arbitrary  countable  open  covering  of 
XxS  .  Hence  by  Theorem  2.9,  XxS  is  countably  paracompact  and  normal. 

Lemma  2.15.  Let  X  be  a  topological  space  and  Q  a  set  of  power  m  , 
where  m  >_  2  .  If  the  product  space  XxS  is  normal  for  every  subspace 
S  of  the  Baire  space  N(ft)  ,  then  X  is  a  normal  P(m)  -  space. 

Proof :  First,  we  will  show  that  XxS  is  countably  paracompact  for  every 

subspace  S  of  the  Baire  space  N(f2)  .  Let  C  be  the  Cantor  discontinuum 
Xo 

that  is  C  =  D  where  D  is  a  discrete  space  of  two  points.  Then  SxC 

is  zero-dimensional  in  the  covering  sense.  Also,  the  weight  is  not  greater 

than  m  (for  the  case  where  2  <  Iftl  <  y  )  or  X  (for  the  case  where 

—  11  —  o  o 

|^|  >_  xq  )•  Hence  the  product  space  SxC  is  homeomorphic  to  a  subspace 
N(^)  by  Theorem  2.12.  By  assumption,  XxS  is  normal  for  every  subspace 
S  of  N(fi)  .  Therefore,  Xx(SxC)  is  normal  and  so  (XxS)xC  is  normal 
(since  Xx(SxC)  is  homeomorphic  to  (XxS)xC).  Since  C  is  a  compact 
metric  space,  it  follows  that  XxS  is  countably  paracompact  ( [W] ,  Theorem 
21.4,  p.  157). 


*1 
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Now  let  {G  (a^  ,  •  •  •  ,a^)  |  ,  •  •  *  ,ou  e  ;  1  =  1,2,***}  be  a 

family  of  open  subsets  of  X  such  that  c  GCa^  ,  •  •  •  ,0^  >ai+1) 

for  ai » *  *  * ,ai+i  €  ^  *  Let  us  Put 

oo 

(1)  s  =  {(a1>a2>***)  I  u  G(a^ , • • • ,a^)  =  X} 

Then  S  is  a  subspace  of  N(ft)  .  Consider  the  family  of  sets 

V(a1,**»,ai)  =  {(31,32>***)  |  3^  =  a..  for  1  .1  1  J  (3^)  e  N(ft)}  . 

Then  the  family 

(2)  {G  (a^  ,  •  •  •  ,ou)  x  [V(a^  ,  •  •  •  ,0^)  nS]  |  e  ;  i  =  1,2,«»*} 

is  an  open  covering  of  XxS  .  Now  {V(a^ , • • • ,cu)  n  S  |  a^,***,ou  e  fi} 
is  locally  finite  in  S  ,  Therefore  the  covering  (2)  is  a  a  -  locally 
finite  open  covering  of  XxS  ,  and  since  the  space  XxS  is  countably 
paracompacl  and  normal,  it  follows  that  the  covering  (2)  is  a  normal 
covering  by  Lemma  2.7. 

Let  (L^  |  A  e  A}  be  a  locally  finite  open  covering  of  XxS 

such  that  {L,  |  A  e  A}  is  a  refinement  of  the  covering  (2).  We  can 

find  an  open  refinement  of  {L  |  A  e  A}  of  the  form 

A 

(3)  {L(a1 , • • • ,at ; A)x[V(a1 , • • • ,at) nS]  |  e  ^  ,  A  e  A  ;  i=l,2,***} 

where 


,a1;A)  x  [ V(a1 , 


,a. ) nS]  c  L. 
7  l  A 


(4) 


•  •  • 


. 
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and  where  we  assume  L(a. 


,  oc± ;  X )  =  <J> 


if  V  (a 


Is 


,ai) 


n  S  =  (j) 


Now,  for  each  X  e 
of  elements  of 

(5)  Lx  c  G(81,« 


£2  ,  there  exists  a  finite  sequence 
£2  such  that 


x  [V(B1, — )  n  S] 


Suppose  that  L(a^ ,  •  •  •  ,ou  ;X)  4  <J>  , 
L (a1 , •  •  •  ,ot± ;X)  x  [ V(a1 , •  •  •  ,ajL)  n  S] 
Two  cases  arise: 


V(a^ ,  •  •  •  ,ou)  n  S  4  <P  •  Then  we 
c  Lx  c  G(31,*",3j)x  [V(a1#  •  •  •  , 


(a)  If  j  <  i  ,  then  we  have  3^  =  , • • • , 3^  =  a  ,  and 

G(31,*,*,8j)  =  GCo^, •••,(*)  c  G(a1,  •  •  •  ,a  ,  •  •  •  ,0^)  .  Therefore 

L(a1 , * • * ,a^;X)  x  [V(a1 , • • • ,a±)  n  S]  c  Lx  c  G(a1>- •• ,ai)x[V(a1, 

(b)  If  j  >  i  ,  then  3^  =  aq > *  *  * > ^  =  a±  >  an<^  V(a^,»*»,a^)  n  S  : 
V(a1,- •• »ai,3i+1,* • • ,8^)  n  S  .  Then 

L(a1,***  ,ai;X)  x  [VC^ ,  •  •  •  ,0^  ,  3i+1 ,  *  *  •  ,3^  )  n  S] 

c  G(a1,«**,ai,3jL+1,***,3j)  x  [V(alf  •  •  •  ,a±  ,  3i+1 , 

Now  for  e  £2  and  X  e  A  ,  let  M  (a^ ,  •  •  •  ,ou  ;  X) 

union  of  all  those  sets  L (a^ , • • • ,a^ ; X)  with  j  £  i  which  satisfy 
following  two  conditions: 

(6)  V(a1,»-*,a.)  n  S  =  V^,  •  •  •  ,a^  ,  •  •  •  ,0^)  n  S  , 

(7)  L(a^  ,  •  •  •  ,ou  ;X)  c  G(a1 ,  •  •  •  ,a^  ,  •  •  •  .c^) 


have 
ij  )nS]  . 


• • ,ai)nS] 


••,3  )nS] 

be  the 
the 
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Note  that  the  above  shows  that  for  each 
L(a^ , • • • ,a  ;A)  with  j  £  i  satisfying 
tion 


L(a1,* • 

(  6  )  and 


• ,a  ;A)  ,  there  is  some 
(7).  Hence  the  collec- 


(8)  • • • ,ai ,X)x[V(a1 


,a^)nS]  [  a^, •••,(*. eft  ,  AeA  ;  i=l,2,*»»} 


is  an  open  covering  of  XxS  ,  and 


(9) 


M(a1>*  •  •  ,ai;X)  x  [V(a1 ,  •  •  •  ,0^)  n  S]  c 


(10) 


M(cx1,  •  •  •  ,01^  ; X )  C  GCa-j^,  •  •  •  ,ai) 


Note  that  M(a^ , • • • , ; X)  is  a  sum  of  a  finite  number  of  subsets 

L(a^,  •  •  •  ,oij  ;X)  ,  j  =  l,2,**«,i  ,  which  satisfy  (4),  (6),  and  (7),  and  so 

(9)  and  (10)  hold. 

Finally,  let  us  put 


(11)  F («1 


a±)  =  < 


u{M(a^ , • • • ,a^ ; X) [ AeA}  for 


for 


V (a^ ,  •  *  •  ,ai)  n  S  i  cf> 
V (a^  ,  •  *  •  ,ok)  n  S  ^  <J) 


When  V(a1,***,a, )  n  S  ^  4>  ,  since  (L.  }  is  locally  finite  and  by  (a),  it 

II  A 

follows  that  F(otj  ,  •  •  •  ,01^)  is  a  closed  subset  of  X  .  From  (10),  we  know 
that 


(12) 


F(a1,*'«,a)  c  G(a1, • • • ,a  )  . 


Since  the  family  (8)  is  a  covering  of  XxS  ,  the  family 
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(F(a^, • • • ,oO  x  [V(a  , • • • ,a  )nS]  |  ;  i=l,2,*«*} 

oo 

is  also  a  covering  of  XxS  .  Hence  X  =  u  F(a..  , )  for 

i=l  1  1 

(a^ ,a2 , • • •  •  )  e  S  .  Therefore  X  is  a  P(m)  -  space.  Since  X  is 
obviously  normal,  we  conclude  that  X  is  a  normal  P(m)  -  space. 

Lemmas  2.14  and  2.15  provide  the  major  vehicles  through  which 
we  will  prove  our  major  result.  The  following  lemma  will  also  be  needed. 

Lemma  2.16.  Let  f  be  a  closed  continuous  map  of  a  topological  space 
X^  onto  another  topological  space  such  that  f  ^(y)  is  compact  for 

every  point  y  c  Y  ,  i  =  1,2,  .  If  we  put  g(x  ,x2>  =  (f  (x  ) , f 2 (x2 ) ) 

for  e  X^  ,  x2  e  X2  ,  then  g  is  a  closed  continuous  map  of  X^xX2 


onto  Y^xY2 

Proof :  Let  A  be  any  closed  subset  of  X^xX2  anc^  suPPose  that 


<yl 

,y2) 

e  g(A)  . 

Then  for  any 

open  set  H^  of 

Y^  such  that 

yi  e 

Hi  • 

we 

have 

(H1xH2)  n 

g(A)  J  <j>  . 

Hence  (f  ^(H^)  x 

f2L(H2))  n 

A  i 

<f>  * 

and 

so 

1,  .  -1 
(yp  -  f2 

(y2))  n  A  4 

<)>  .  If  not,  there 

would  exist 

an 

open 

set 

Gi 

o  f 

X^  and  an 

open  set  G 

2  of  X2  such  that  (G^xG^ 

n  A 

=  4> 

with 

fT1 

1 

(yi> 

c  G.  for 

l 

i  =  1,2, 

since  f . ^ (y . ) 

l  l 

is  compact 

for 

i  = 

1  ?  •  •  • 

Then  we  would  have  (f^(L^)  x  f2^(L2))  n  A  =  (p  where  L ^  =  Y^  -  f^(X^-G^) 
i  =  1,2,  because  f  1  (L  )  c  Gi  and  ^  is  closed  (for  if  not,  L1xL2 

would  be  an  open  set  containing  (y^y^  and  missing  g(A)  ).  Hence 
(yi,y2)  e  g(A)  and  so  g  is  a  closed  mapping. 


- 


- 
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2.6.  Main  Theorems.  We  can  now  state  and  prove  Morita's  results  for 
normal  products. 

Theorem  2.17.  Let  X  be  a  topological  space  and  let  m  >_  xq  •  Then 
XxY  is  normal  for  every  metric  space  Y  of  weight  m  if  and  only  if 
X  is  a  normal  P(m)  -  space. 

Proof :  - >  .  Let  XxY  be  normal  for  every  metric  space  Y  of  weight 

j<  m  .  Consider  any  subspace  S  of  the  Baire  space  N(ft)  .  Then  S  is  a 
metric  space  of  weight  _<  m  ,  and  by  assumption  XxS  is  normal.  Hence,  by 
Lemma  2.15,  X  is  a  normal  P(m)  -  space. 

< — —  .  Let  X  be  a  normal  P(m)  -  space  and  Y  any  metric 
space  of  weight  <_  m  .  Then,  by  Theorem  2.11,  there  exists  a  subspace  S 
of  the  Baire  space  N(ft)  and  a  closed  continuous  map  g  from  S  onto  Y 

such  that  g  "^(y)  is  compact  for  every  y  e  Y  .  Now  define  f  :  XxS  -*  XxY 

by  f(x,s)  =  (x,g(s))  for  x  e  X  ,  s  e  S  .  Then  by  Lemma  2.16,  f  is 

closed  and  continuous.  However,  by  Lemma  2.14,  XxS  is  normal.  Therefore 
XxY  is  normal  since  the  closed  and  continuous  image  of  a  normal  space  is 
normal . 


The  following  theorem  is  an  immediate  consequence  of  Theorem  2.17. 

Theorem  2.18.  Let  X  be  a  topological  space.  Then  the  product  space  XxY 
is  normal  for  every  metric  space  Y  if  and  only  if  X  is  a  normal  P  -  space. 

Theorem  2.18  represents  Morita's  answer  to  the  question:  what  spaces 
X  have  a  normal  product  with  every  metric  space  Y  ?  Using  this  result,  we 
have  been  able  to  prove  a  similar  result  for  paracompact  products. 


. 


- 
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Theorem  2.19.  Let  X  be  a  topological  space.  Then  the  product  space 
X*Y  is  paracompact  for  every  metric  space  Y  if  and  only  if  X  is  a 
paracompact  P  -  space. 

Proof:  - >  .  Suppose  that  XxY  is  paracompact  for  every  metric 

space  Y  .  Clearly  X  must  be  paracompact.  Since  every  paracompact 
space  is  normal,  it  follows  that  XxY  is  normal  for  every  metric  space  Y  . 

Then,  by  Theorem  2.18,  X  must  be  a  normal  P  -  space.  Hence,  X  is  a 

paracompact  P  -  space. 

< -  .  Let  X  be  a  paracompact  P  -  space,  and  let  Y  be  any 

metric  space.  Consider  the  Stone-Cech  compactification  (§5.2),  g(XxY)  , 
of  the  product  space  XxY  .  g  (X  Y)  is  a  compact  Hausdorff  space  and  so 
Xxg(XxY)  is  paracompact  and  hence  normal.  From  the  Corollary  to  Theorem 
2.5,  it  follws  that  Xxg(XxY)  is  a  P  -  space.  So  Xxg(XxY)  is  a  normal 
P  -  space  and,  by  Theorem  2.18,  it  follows  that  [Xxg(XxY)]  x  Y  is  normal 
for  every  metric  space  Y  .  But  [Xxg(XxY)]  x  Y  is  homeomorphic  to 

(XxY)  x  g(XxY)  ,  and  so  (XxY)  x  g(XxY)  is  normal.  Hence,  by  Tamano's 

theorem  (§5.2),  XxY  is  paracompact. 

§ 3.  Paracompact  Spaces. 

3.1.  Introduction.  In  this  section  we  will  consider  the  product  XxY 
where  Y  is  any  paracompact  space.  Recall  from  §1.2  that  every  metric 
space  is  paracompact.  Therefore,  the  class  of  spaces  Y  now  being 
considered  is  much  larger  than  that  of  the  last  section.  It  is  then  natural 
to  expect  that  the  results  will  be  more  difficult  to  come  by  and  this  is, 
in  fact,  the  case.  Our  main  theorem  consists  of  three  sufficient  conditions 


. 


. 
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on  a  space  X  which  guarantee  that  the  product  space  XxY  will  be 
paracompact  for  every  paracompact  space  Y  .  Furthermore,  these  three 
conditions  are  essentially  independent  of  each  other. 

The  question  of  paracompactness  and  normality  in  the  product 
has  been  simplified  greatly  by  a  result  obtained  by  H.  Tamano.  He  was 
able  to  prove  that  paracompactness  and  normality  were  equivalent  in  the 
product  space  XxY  where  Y  is  any  paracompact  space.  Before  stating 
this  result,  recall  that  a  COMPACTIFICATION  of  a  space  X  is  an  ordered 
pair  (K,h)  where  K  is  a  compact  Hausdorff  space  and  H  is  an  embed¬ 
ding  of  X  as  a  dense  subset  of  K  .  The  STONE-CECH  COMPACTIFICATION, 

3X  of  X  ,  is  characterized  among  all  other  compactifications  by  the  fact 
that  every  bounded,  continuous,  real-valued  function  on  X  has  a  contin¬ 
uous  extension  over  BX  . 

Theorem  3.1.  The  following  are  equivalent  for  a  space  X  : 

(a)  XxY  is  normal  for  every  paracompact  space  Y  ; 

(b)  XxY  is  paracompact  for  every  paracompact  space  Y  . 

Proof:  (b)  -*  (a)  .  Every  paracompact  space  is  normal. 

(a)  -*  (b)  .  Let  3(XxY)  denote  the  Stone-Cech  compactif ication 
of  XXY  .  Since  Y  is  paracompact,  we  have  that  Yx3(XxY)  is  paracompact 
But  XxY  is  normal  for  every  paracompact  space  Y  .  So  Xx[Yx3(XxY)]  is 
normal,  which  implies  that  (XxY)  x  3 (XxY)  is  normal.  Hence  XxY  is  para 
compact  by  Tamano ' s  theorem  (§5.2). 


* 

_ 
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This  important  result  enables  us  to  deal  with  the  question  of 
paracompactness  and  normality  in  the  product  simultaneously.  However, 
note  that  the  case  being  considered  is  fairly  restricted.  Essentially,  the 
theorem  says  that  if  the  product  space  XxY  is  paracompact  for  every 
paracompact  space  Y  ,  then  these  products  are  also  normal,  and  vice-versa. 

We  pose  the  following  question:  if  X  is  a  topological  space,  and  Y  is 
a  particular  paracompact  space  such  that  the  product  space  XxY  is  normal, 
then  does  it  necessarily  follow  that  XxY  is  paracompact?  As  far  as  we 
know,  this  question  is  still  open. 

As  stated  previously,  the  main  result  of  this  section  consists 
of  three  sufficient  conditions  on  a  space  X  which  make  the  product  space 
XxY  paracompact  for  every  paracompact  space  Y  .  While  there  are  other 
results  available,  the  three  we  have  chosen  are  considered  to  be  the  best 
available,  and  each  will  be  discussed  separately  in  the  following  subsections. 

3.2.  Morita's  Result.  A  space  X  is  said  to  be  LOCALLY  COMPACT  if  each 
point  x  e  X  has  a  base  of  compact  neighborhoods.  Note  that  every  compact 
Hausdorff  space  is  locally  compact  and  that  the  open  continuous  image  of  a 
locally  compact  space  is  locally  compact  ( [W ] ,  §18). 

Morita's  result  states  that  if  X  is  a  paracompact  space  which  is 
a  countable  union  of  locally  compact  closed  subsets,  then  Xxy  is  para¬ 
compact  for  every  paracompact  space  Y  .  To  prove  this  result,  we  will  need 
the  following  lemma. 

Lemma  3.2.  The  following  are  equivalent  for  a  paracompact  space  X  : 

(a)  X  is  a  countable  union  of  locally  compact  closed  subsets. 
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(b)  X  is  a  union  of  a  a  -  locally  finite  system  of  compact  subsets. 

00 

Proof :  (a)  -»■  (b)  .  Let  X  =  u  C.  where  each  C.  is  closed  and 

i=l  1  1 

locally  compact.  Then  for  each  i  ,  is  closed  and  hence  paracompact 

since  X  is  paracompact.  Now  is  locally  compact,  and  so  each 

x  e  has  a  compact  neighborhood  in  (h  .  Then  {G^  |  x  e  C^} 


X 

X 

is  a  cover  of 

C.  .  Let 

l 

H. 

l 

=  Int  G  .  Then 

y-f .  1 

{H_^  }  is  an  open 

X 

1  X 

X 

cover  of  Cf  , 
l 

and  since 

C. 

l 

is  paracompact,  there 

exists  a  closed  locally 

finite  refinement,  say  {K.  }  .  Each  K.  is  closed  and  K.  <=  G.  for 

ia  la  la  l 

x 


some  x  ,  where  G^  is  compact.  Hence  is  compact.  Now  let 

x 

00 

=  {K^}  •  Then  K  =  u  is  a  a  -  locally  finite  system  of  compact 

i=l 

subsets . 


(b)  ->  (a)  .  Suppose  X  =  u  8.  where  8,  =  {B.  }  is  a  locally 

,  .  l  i  ia 

i=l 

finite  collection  of  compact  (and  hence  closed)  subsets  of  X  .  Now  the 
union  of  a  locally  finite  collection  of  closed  sets  is  closed  ( [ W ] ,  p.  145) 


Let  B.  =  u  B.  .  Then  for  each  i  ,  B,  is  closed  and  locally  compact 

i  a  ia  *  i  J 

(since  each  point  of  B^  has  a  neighborhood  contained  in  the  union  of 

00 

finitely  many  compact  sets).  Hence  X  =  u  B.  is  a  countable  union  of 

i=l  1 

locally  compact  subsets. 


Theorem  3.3.  Let  X  be  a  paracompact  space  which  is  a  countable  union 
of  locally  compact  closed  subsets.  Then  the  product  space  XxY  is  para¬ 
compact  for  every  paracompact  space  Y  . 


- 
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Proof:  Let  X  be  a  paracompact  space  which  is  a  countable  union  of 

locally  compact  closed  subsets.  Then,  by  Lemma  3.2,  there  exists  a  a  - 

locally  finite  closed  covering  {A.  I  a  e  $1 ,  ,  i  =  1 ,2 ,  •  •  •  }  of  X  such 

ia  i 

that  {A  I  a  e  !],}  is  locally  finite  in  X  for  each  i  ,  and  each  sub- 
ia  '  i  J  * 

set  A.  is  compact.  Since  X  is  paracompact  (and  normal),  there  are 
1  oc 

open  subsets  L^  ,  a  eft,  ,i=l,2,»*»  ,  such  that 

(1)  A  c  l.  , 

ia  ia  ’ 

(2)  {L.  I  a  e  fi,}  is  locally  finite  in  X  for  each  i  . 

ia  1  i  J 


Let  M  be  any  open  covering  of  XxY  ,  where  Y  is  a  paracompact 
space.  Then  for  each  point  y  e  Y  and  for  each  A  ,  we  can  find  an  open 

-L  UC 

neighborhood  V(y)  of  y  in  Y  and  a  finite  system  (U  |  j  =  l,2,»**,s} 

J 

of  open  subsets  of  X  such  that 


(3) 

(4) 


U.  x  V(y)  c  M  for  some  M  e  M  ,  j  =  1 
j  A  A 


ia 


s 

C  u 

j-1 


U.  c  L 


ia 


s 


This  follows  easily  from  the  compactness  of  A  .  From  (4)  and  the  norm¬ 
ality  of  A^^  ,  we  can  find  closed  subsets  ,  j  =  l,***,s  of  X  such 
that 


(5) 


ia 


s 

=  u 


j-l 


3  c  U;i 


j  =  1,  '  *  *  ,8 


Since  X  is  normal,  there  exists  open  F  subsets  U'  ,  j  =  l,***,s 

o  1 

such  that  F.  c  U'.  c  U.  . 

J  J  J 
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Now  the  family  (V(y)  |  y  e  Y}  forms  an  open  covering  of  Y  . 
Since  Y  is  paracompact  and  normal,  this  covering  can  be  refined  by  a 
locally  finite  covering  of  Y  which  consists  of  open  F^  subsets. 

Thus,  for  each  A^  we  can  find  a  locally  finite  covering 
H(i,a)  =  (H(A;i,a)  |  A  e  A(i,a)}  of  Y  be  open  subsets,  and  a 

family  of  finite  systems  G(A;i,a)  ,  A  e  A(i,a)  consisting  of  open  F^ 
subsets  of  X  such  that 


(6) 

A,  c 
ia 

{G  |  G  e 

G(A;i, 

a)  }  c 

=  L.  for 

la 

A 

e  A(i , 

a)  , 

(7) 

GxX(A;i 

,  a)  c  M 

Y 

for 

some 

M  e  M  , 
Y 

G  e 

G(A;i, 

a) 

Let  us 

put 

(8) 

R(i ,a) 

=  (GxH(A; 

;i,a)  | 

G  e 

R(A;i,a)  ; 

A  e 

A  (i ,  a) 

> 

(9) 

h  - 

u(R(i, 

a)  | 

a  e  ft  .  }  , 

i 

and 

(10) 

R 

= 

|  i 

=  1 »2 , • •  •  } 

• 

Then  the  union  of  all  the  sets  in  R(i,a)  contains  A,  xY  .  Hence  the 

ia 

family  R  is  an  open  covering  of  XxY  ,  and  from  the  construction,  it  is 
evident  that  R  is  a  refinement  of  M  . 

We  will  prove  that  R ^  is  locally  finite  in  XxY  for  each  i  . 
Let  ( xQ,y be  any  point  of  XxY  .  Then  there  exists  an  open  neighbor¬ 
hood  U  of  x  in  X  ,  such  that  U  intersects  only  finitely  many 

o  o  ’  o  J  J  J 

elements  of  (L,  I  a  e  ft.}  .  Let  T  =  (a  e  ft,  I  L.  n  U  ^  4> )  •  Then 

ia  1  1  o  i  1  la  o 


„ 
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T  is  a  finite  set  and  it  follows  that  (U  xy)  n  K  =  <t>  for 
o  o 

K  c  R(i,a)  with  a  c.  .  For  each  a  e  we  can  find  an  open  neigh¬ 

borhood  V  of  y  such  that  V  intersects  only  finitely  many  elements 
a  o  a 

of  H(lta)  .  Let  us  put  V  =  n{V  I  a  e  T  }  .  Since  T  is  a  finite 

o  a  1  o  o 

set,  V  is  an  open  neighborhood  of  y  in  Y  .  Furthermore,  U  xV 
o  r  b  Jo  ’  o  o 

intersects  only  finitely  many  elements  of  R ^  .  Hence  R ^  is  locally 
finite . 


Now  each  set  of  G(A;i,a)  is  an  open  F^  set  in  X  and  each 
set  of  H( i,a)  is  an  open  F^  set  in  Y  .  Hence  for  each  set 
G  x  H(A;i,a)  of  R(i,a)  ,  there  exists  a  non-negative  continuous  function 
ip  over  XxY  such  that 

G  x  H(A;i,a)  =  ((x,y)  |  ^(x,y)  >  0} 

(let  ip(x,y)  =  f(x)*g(y)  for  x  e  X  ,  y  e  Y  where  f  :  X  [0,1]  and 

g  :  Y  [0,1]  are  continuous  maps  such  that  G  =  (x  |  f(x)  >  0}  , 

H(A;i,a)  =  (y  |  g(y)  >  0}  ).  Then  by  Theorem  2.10,  it  follows  that  R 

is  a  normal  covering  of  XxY  .  But  R  is  a  refinement  of  M  ,  so  M  is 
a  normal  covering  of  XxY  .  Hence  XxY  is  paracompact. 

12  i 

3.3.  Katuta's  Result.  A  collection  (A^  |  A  e  A}  of  subsets  of  a 

A 

space  is  called  ORDER  LOCALLY  FINITE  if  we  can  introduce  a  total  order  < 

in  the  index  set  A  such  that  for  each  A  e  A  ,  {A  I  y  <  A}  is  locally 

y  1 


12.  Recently,  Katuta  (KatU2)  has  been  able  to  prove  several  necessary 

and  sufficient  conditions  which  guarantee  a  paracompact  product,  XxY 
where  Y  is  any  paracompact  space. 


. 


. 
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finite  at  each  point  of  A  .  This  definition  provides  the  basis  for 
our  discussion  of  Katuta's  theorem  which  states  that  if  a  regular  space 
X  has  two  coverings  {C^  |  X  e  A}  and  {U^  |  X  e  A}  such  that 

(i)  C  is  compact,  IL  is  open,  and  CL  c  U.  for  each  X  e  A  ,  and 

A  A  A  A 

(ii)  (U^  |  X  e  A}  is  order  locally  finite, 

then  the  product  space  XxY  is  paracompact  for  any  paracompact  regular 
space  Y  . 

When  X  and  Y  are  regular  spaces,  Katuta's  condition  covers 
the  condition  expressed  in  Morita's  result.  For  suppose  X  is  a  para¬ 
compact  regular  space  which  is  a  countable  union  of  locally  compact  closed 

subsets.  Then  there  exists  a  a  -  locally  finite  covering  (C  |  X  e  A} 

A 

of  X  such  that  each  C  is  compact.  Moreover,  since  X  is  paracompact, 

A 

there  exists  a  a  -  locally  finite  open  covering  (U  |  X  e  A}  of  X 

such  that  U  contains  C  for  each  X  e  A  .  But,  by  Lemma  3.4  which 
A  A 

follows  immediately,  a  a  -  locally  finite  collection  is  order  locally 
finite.  Hence,  Katuta's  result  covers  Morita's  when  X  and  Y  are 
regular  spaces. 

We  will  need  the  following  two  lemmas  to  prove  Katuta's  theorem. 

Lemma  3.4.  Let  {A^  |  X  e  A}  be  an  order  locally  finite  collection  of 

A 

subsets  of  a  space  X  ,  and  let  {B  |  a  e  £2  }  be  a  collection  of  subsets 

cx  A 

of  A  which  is  locally  finite  in  X  for  each  X  e  A  .  Then  the  collec- 
A 

tion  {B  I  a  e  £2}  is  order  locally  finite,  where  £2  is  the  disjoint 
a  1 

union  of  the  £2  's  .  (In  particular,  a  a  -  locally  finite  collection  is 

A 


order  locally  finite.) 
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ProQf ♦  By  definition  of  order  locally  finite,  A  has  a  total  order  < 

such  that  for  each  A  e  A  ,  {A^  |  y  <  A}  is  locally  finite  at  each  point 

°f  .  Now  for  each  A  e  A  ,  let  be  any  total  order  in  ft^  .  We 

will  now  define  a  total  order  <<  in  ft  as  follows:  Let  0^,0^  e  ft  . 

Then  a  e  ft  and  a0  e  ft  for  some  A  e  A  .  Now  define 

1  \  2  X2  12 

0^  <<  (*2  if  A^  4  A 2  and  A^  <  A2  ,  or  A^  =  A ^  and  . 

This  is  a  total  order  on  ft  . 

Now  let  x  e  B  where  a  e  ft..  .  Then  x  e  A,  .  Hence  there 
a  A  A 

exists  a  neighborhood  U(x)  of  x  which  intersects  only  finitely  many 

A  for  y  <  A  ;  let  these  be  A  ,**»,A  .  Since  for  each  i  =  1  •••,m 

y  y  y 

1  m 

the  collection  {B  I  a  e  ft  }  is  locally  finite  in  X  ,  there  exists  a 

a  1  yi 

neighborhood  V^(x)  of  x  which  intersects  at  most  finitely  many  B^ 

for  a  e  ft  .  Then  the  neighborhood  U(x)  n  V, (x)  n  •••  n  V  (x)  of  x 
y^  0  1  m 

intersects  only  finitely  many  B^  for  n  <<  a  .  Hence  the  collection 

{B^  I  a  c  ft}  is  order  locally  finite. 


Lemma  3.5.  A  regular  space  X  is  paracompact  if  and  only  if  any  open 
covering  of  X  has  an  order  locally  finite  open  refinement. 


Proof : 


->  .  This  part  is  clear. 


< -  .  Let  G  be  an  arbitrary  open  covering  of  X  ,  and  let 

U  =  {U^  |  A  e  A}  be  an  order  locally  finite  open  refinement  of  G  .  It 


is  sufficient  ([W],  p.  146)  to  show  that  G  has  a  locally  finite  refine- 
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merit . 

By  the  definition  of  order  locally  finite,  A  has  a  total 

order  <  such  that  for  each  A  ,  {U^  |  y  <  A}  is  locally  finite  at  each 

point  of  U,  .  For  each  A  e  A  ,  define  V,  =  U.  -  u{U  |  y  <  A}  .  We 
A  A  A  y  1 

will  show  that  the  collection  8  =  {V^  |  A  e  A}  is  a  locally  finite  cover¬ 
ing  of  X  .  For  any  x  e  X  ,  x  is  contained  in  some  U  e  U  .  Since  U 

A 

O 

is  order  locally  finite,  x  is  contained  in  only  finitely  many  for 

y  <  A  ,  say  U  ,*#,,U  where  y,  <  • • •  <  y  .  Then  clearly  x  e  V 

o  J  y,  y  1  m  y  y, 

1  m  i 

and  so  8  is  a  covering  of  X  .  Also,  by  assumption,  we  have  that  x  has 

a  neighborhood  W(x)  which  intersects  only  finitely  many  for  y  <  A^  . 

Then  the  neighborhood  W(x)  n  U  of  x  intersects  only  finitely  many 

A 

o 

for  y  e  A  .  So  8  is  locally  finite  in  X  ,  and  it  is  clear  that  8 
refines  G  .  Hence  X  is  paracompact. 

We  will  now  state  and  prove  Katuta's  theorem. 

Theorem  3.6.  If  a  regular  space  X  has  two  coverings  {C  I  A  e  A}  and 

-  A 

{U  |  A  e  A}  such  that 
A 

(i)  C  is  compact,  U  is  open  and  C  c  U  for  each  A  e  A  ,  and 

A  A  A  A 

(ii)  {U  |  A  e  A}  is  order  locally  finite, 

A 

then  the  product  space  XxY  is  paracompact  for  every  paracompact  regular 
space  Y  . 

Proof:  By  Lemma  3.5,  it  is  sufficient  to  show  that  any  open  covering 

of  XxY  has  an  order  locally  finite  open  refinement.  For  each  A  e  A  and 


. 


' 
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for  each  point  y  e  Y  ,  we  can  find  a  finite  collection  {H.,»**,H  } 

1  m 

of  open  subsets  of  X  and  an  open  neighborhood  V(y)  of  y  e  Y  such 

that  H  x  V(y)  c  G  for  some  element  G  e  G  ,  i  =  l,***,m  ,  and 
1  y  y  ’  *  ’  ’ 

m 

C.  c  u  H  c  U,  .  This  follows  easily  since  C.  is  compact.  Then  the 

A  ^  1  A  A 

collection  (V(y)  |  y  e  Y}  forms  an  open  covering  of  Y  .  Since  Y  is 
paracompact,  this  covering  has  a  locally  finite  open  refinement. 


Now  for  each  element  A  c  A  ,  we  can  find  a  locally  finite 


open  covering  8  =  {V 

A  ot 


a  e  ft..  }  of  Y  and  collections  H  ,  a  e  fl,  , 
A  a  A 


each  of  which  consists  of  finitely  many  open  subsets  of  X  such  that 


C.  c  u{H  H  e  H  }  c  U  for  a  e  ft.  ,  and  H  x  V  c  G  for  some 
A  1  a  A  A  ’  ay 

G  e  G  ,  H  e  H  ,  a  e  ft.  .  By  the  construction,  the  collection 
Y  a  A  * 

{H  x  V  |  H  e  H  ,  a  £  ft  }  of  subsets  of  U  xy  is  locally  finite  in 


a 


a 


Xxy  . 


However,  the  collection  {U 
finite  since  the  collection  {U-^  |  A 
by  Lemma  3.4,  the  collection  {H  x  V 

a 

locally  finite  and  covers  XxY  since 
It  also  refines  the  cover  G  .  Hence 


x  Y  I  A  £  A}  is  order  locally 

A}  is  order  locally  finite.  Hence 

H  e  H  ,  a  £  ft,  ,  A  e  A}  is  order 
a  A 

{C.  !  A  £  A}  is  a  covering  of  X  . 

A 

XxY  is  paracompact. 


3.4.  Ishii’s  Result.  Ishii  approaches  the  problem  of  a  paracompact 
product  from  a  different  direction.  Specifically,  his  result  states  that 
if  X  is  the  image  under  a  closed  continuous  mapping  f  of  a  locally 
compact  and  paracompact  Hausdorff  space  R  ,  then  the  product  space  XxY 
is  paracompact  for  any  paracompact  space  Y  .  This  result  is  an  immediate 
consequence  of  Lemmas  3.9  and  3.10.  In  order  to  establish  Lemma  3.10,  we 


*gp 

' 


■ 


■ 
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wiLl  need  the  following  two  lemmas  which  are  due  to  K.  Morita. 

Lemma  3.7.  Let  G  =  {G^  |  a  £  !]}  be  a  locally  finite  system  of  open 

sets  in  a  normal  space  R  ,  and  F  =  {F  I  a  e  £1}  a  system  of  closed 

a  1 

sets  of  R  such  that  F  c  G  ,  a  e  ft  .  Then  there  exists  a  system  of 

a  a 

open  sets  U  ,  a  e  fl  ,  such  that 
a  * 

(1)  F  c  u  ,  U  c  G  ,  a  e  ft  ,  and 

a  a  a  a 

(2)  the  system  {U^  |  a  £  (2}  is  similar  to  the  system  F  . 

Proof :  Let  us  assume  that  the  set  of  indices  a  consists  of  all 

(transf inite)  ordinal  numbers  which  are  less  than  a  fixed  ordinal 

o 

Denote  by  <J>^  the  system  of  sets  which  can  be  expressed  as  finite  inter¬ 
sections  of  sets  from  F  and  are  disjoint  from  F^  .  Then,  since  F  is 
locally  finite,  cf>^  is  locally  finite.  Let  be  the  union  of  the  sets 

from  <j>^  .  Then  is  closed  in  R  and  F^  n  =  (j)  .  Therefore,  there 

is  an  open  set  such  that  F^  c  c  G^  ,  and  c  R  -  S-,  .  If 

we  construct  a  system  =  {U^,F2,***}  by  replacing  F^  in  F  by  , 

it  follows  that  the  system  U ^  is  similar  to  F  . 

The  proof  can  now  be  completed  by  transfinite  induction.  Suppose 

that  for  any  3  less  than  some  fixed  ordinal  a  <  ft^  ,  there  exists  an 

open  set  U„  such  that  Fen,  UD  c  G  and  the  system 

p  3  3  3  3 

Un  =  {U  I  Y  <  3  ,  F  I  3  <  Y  <  ^  }  is  similar  to  F  .  Then  the  system 
3  y  1  —  y  ° 

{U  |  y  <  a  ,  F  I  a  <  y  <  1  is  also  locally  finite  and  similar  to  F  , 

Y  1  —  Y  —  ° 

as  is  easily  shown.  Hence,  by  the  above  method,  we  can  construct  an  open 
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set  li  such  that  F  <  U  ,  U  <  G  a  and  the.  system 
«  a  a  a  a 

FI  =  (U  I  y  <  a  ,  F  I  ot  <  y  <  ft  }  is  similar  to  F  .  The  system 
a  y  Y  o  3 

U  =  (U^  |  a  e  ft}  constructed  in  the  above  manner  is  similar  to  F  . 

Lemma  3.8.  Let  F  =  (F^  |  a  e  ft}  be  a  locally  finite  system  of  closed 

subsets  in  a  paracompact  space  R  .  Then  there  exists  a  locally  finite 

system  of  open  sets  G  ,  a  e  SI  ,  such  that  F  c  G 

a  a  a 

Proof :  For  each  point  p  e  R  ,  there  exists  a  neighborhood  U(p)  such 

that  U(p)  intersects  only  a  finite  number  of  sets  of  F  .  Let  us  put 
U  =  (U(p)  |  p  e  R}  .  Since  every  open  cover  of  a  paracompact  space  has  an 
open  star-refinement  ( [ W] ,  p.  151),  we  can  find  an  open  star- ref inement  B 

of  some  open  star- ref  inement  B  of  U  .  Let  G  =  St.(F  ,(J)  .  Then 

a  or 

(G  }  satisfies  the  condition  of  the  lemma.  For  if  St.  (x,B)  n  G  ¥  <t>  > 
a  *  a 

then  we  have  St.(x,B  )  n  F  ^  <J>  .  Since  St.(x,B  )  is  contained  in 
some  U(p)  ,  St.(x,B)  intersects  only  a  finite  number  of  sets  G^  . 

The  following  lemma  is  due  to  Ishii. 

Lemma  3.9.  Let  f  :  R  ->■  X  and  g  :  S  Y  be  closed  continuous  maps  of 

paracompact  Hausdorff  spaces  R  and  S  onto  spaces  X  and  Y  ,  and  let 

13 

K  be  the  set  of  irregular  points  of  XxY  with  respect  to  the  product 

mapping  h  =  fxg  .  If  the  projection  X*  =  (X-^  |  X  e  A}  of  K  to  X  is 

closed  and  discrete  in  X  and  if  RxS  is  paracompact ,  then  XxY  is  para- 


13.  (x,y)  is  said  to  be  an  IRREGULAR  POINT  if  it  does  not  satisfy  the 

following:  For  any  open  subset  U  of  RxS  such  that  f_^-(x)  g~-*-(y)cU  , 

there  exists  open  subsets  GcR  and  HcS  such  that  f (x)  xg~F  (y )  cG xHcU  . 


. 

. 


compact . 


Proof :  Since  X  and  Y  are  the  images  under  closed  continuous  mappings 

of  paracompact  Hausdorff  spaces  R  and  S  ,  they  are  also  paracompact 
Hausdorff  spaces.  Then,  from  Lemmas  3.7  and  3.8,  it  follows  that  for  a 
closed  discrete  subset  X'  of  X  ,  there  is  a  locally  finite  collection 


{N 


A 


A  e  A}  of  open  subsets  of  X  such  that  x,  e  N,  and  N,  n  N  =  <j> 

A  A  A  y 


for  A  4  y  .  Let  M  =  {M  |  a  e  fl}  be  any  open  covering  of  X*Y  .  For 


a 


each  point  (x^,y)  there  exists  an  open  neighborhood  Ur(x^)xV(y)  of 


A- 


(x  ,y)  such  that  U  (x  )xV(y)  is  contained  in  some  M  of  M  and 


y  x 


a 


U  (x  )  c  n  .  Since  Y  is  a  paracompact  Hausdorff  space,  an  open  covering 
y  A  A 

(V(y)  |  y  e  Y}  of  Y  has  a  locally  finite  partition  of  unity  subordinated 


to  it;  that  is,  there  exists  a  family  {g^  |  a  e  F}  of  real  valued  contin¬ 
uous  functions  on  Y  such  that  0  <  g^(y)  j<  1  ,  \  g^(y)  -  1  » 

—  a  a  a 

=  {y  I  g^(y)  >  0}  c  some  V(y)  ,  and  {G^}  is  locally  finite  in  Y  . 
a  o  o 

Hence  for  some  fixed  A  ,  we  can  find  a  family  {U  (x, )xG^  I  o  e  r)  of 

a  A  a  1 

open  subsets  of  XxY  such  that  U  (x.)xG^  c  some  U  (x. )  V(y)  and 

a  A  a  y  A 

U  (x.)  =  {x  I  f^(x)  >  0}  where  f^  :  X  [0,1]  are  continuous  functions 
a  A  1  a  a 


.A 


such  that  f  (x. )  =  1  . 
O  A 


Now  let  FA(x,y)  =  £  f*(x)  g*(y)  ,  and  F(x,y)  =  l  F^(x,y)  . 

a  A 

Then  F  :  XxY  -*  [0,1]  and  F  :  XxY  ->  [0,1]  are  continuous  functions  and 

A 

furthermore  u[U  (x, )xG^]  =  {(x,y)  I  F.(x,y)  >  0}  ,  and  F  (x  ,y)  =  1  for 

O  A  O  A  A  A 

O 

every  y  e  Y  .  Let  =  {(x,y)  |  FA(x,y)  >  0}  ,  =  {(x,y)  |  FA(x,y)  >_  — 

Q?  =  {(x,y)  I  F  (x,y)  >  and  A  =  XxY  -  u  q}  .  Then  we  have 

A  A  J  .A 


. 
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<*x  c  ^  c  p*  - 

Q  C 

>* 

N - ✓ 

X 

O 

Q 

1 

u  Q  = 

x  A 

{(x,y)  |  F(x,y)  £  j}  , 

M?  =  ( (x,y) 

X  A 

1  F(x,y)  £ 

,  and 

A  =  {(x,y)  |  F(x,y)  •  Now  from 

h  1 (a)  =  { (r  ,s 

)  |  F(h (r , s)  ) 

<i>  > 

it  follows  that  h  ^(A)  is  an  open 

F  subset  of 

a 

RxS  .  Hence 

h_1(A) 

is  paracompact  as  a  subspace  of  RxS 

*  i  -1 

Also,  it  is  easily  shown  that  the  mapping  h  =  h  |  h  (A)  is  closed.  In 


fact,  let  F  be  a  closed  subset  of  RxS  .  Then  h(F)  -  h(F)  contains 


only  irregular  points  of  XxY  with  respect  to  h  ;  that  is,  h(F)  -  f(F) 
c  K  .  Since  K  n  A  =  <j>  ,  we  have  h(h  ^(A)nF)  =  A  n  h(F)  =  A  n  h(F)  , 


which  shows  that  A  n  h(F)  is  closed  in  A  .  Therefore,  A  is  paracompact 

as  a  subspace  of  X*Y  since  it  is  the  image  of  a  paracompact  space  h  ^(A) 

*  -1 

under  the  closed  continuous  mapping  h  :  h  (A)  -*  A  .  Hence  an  open 


covering 

U  =  {A  n 

M 

a  1 

a  c  SX}  of  A 

admits  a 

locally  finite 

open  refine 

ment 

(G 

a 

|  a  £  !]} 

in 

A  .  For  every 

a  e  Q  , 

let  us  put  L 

a 

=  G  -  y  qJ 

a  x  X 

Then 

(L 

a 

|  a  e  ft} 

is 

a  family  of  open 

subsets 

of  XxY  which 

is  locally 

finite  in  XxY  .  If  we  let  SI  =  {L  ,  U  (x,)  x  GA  I  a  e  Q  ,  a  e  T  ,  X  e  A}, 

a  a  a  a  1 

then  SI  is  a  locally  finite  open  refinement  of  M  .  Hence  XxY  is  para¬ 
compact  . 


The  final  lemma  needed  for  the  proof  of  Ishii's  theorem  is  due  to 

Morita. 

Lemma  3.10.  Let  f  be  a  closed  continuous  mapping  of  a  locally  compact 
and  paracompact  Hausdorff  space  R  onto  another  space  X  ,  If  we  denote 
by  X*  the  set  of  all  points  x  e  X  such  that  f  ^  (x)  is  not  compact,  then 
X*  is  a  closed  discrete  subset  of  X  . 


- 
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Proof :  It  is  sufficient  to  prove  that  {f  "^(x)  |  x  e  X’}  is  a  discrete 

collection  of  closed  sets  in  R  .  Since  X  is  locally  compact,  we  can 
do  this  by  showing  that  any  compact  set  C  intersects  only  a  finite 
number  of  sets  f  ^(x)  for  x  e  X*  .  Suppose  that  there  exist  a  countably 
infinite  number  of  points  y  ,  i  =  1,2, •••  of  R  such  that  y^  e  Cnf  ^(x  )  , 
X.  <r  X’  ,  1  -  1,2, •••  ;  y±  4  yj  for  1  4  j  . 

Since  C  is  compact,  there  exists  a  limit  point  y^  of  the  set 
{y^  |i=l,2,***}.  We  may  assume  that  f(yQ)  ^x^,i=l,2,»**  ;  if 
f (yQ)  =  x^  for  some  i  we  have  only  to  replace  { y j }  by  {y^  |  j  4  i}  • 

Putting  x  =  f(y  )  ,  we  have 

o  o 


(1) 


x  e  X*  ;  x  4  x,  for  i  =  1,2,«** 
o  o  i 


To  prove  (1),  suppose  that  xq  e  X  -  X'  .  Then  f  ^(XQ)  is 
compact.  Since  R  is  locally  compact,  there  exists  an  open  set  L  such 
that  L  is  compact  and  f  ^(x  )  c  L  .  If  we  put  M  =  X  -  f(R-L)  ,  then 
M  is  an  open  set  in  X  and  yQ  e  f  ^(XQ)  c  f  ^ (M)  c  L  .  The  point  yQ 
is  a  limit  point  of  {y^}  and  hence  y^  e  f  ^(M)  for  some  i  .  Therefore 
for  such  i  we  have  f  ^(x  )  c  f  ^(M)  c  L  .  Thus  f  ^(x^)  must  be  compact, 
but  this  contradicts  the  assumption  that  x^  £  X'  .  Hence  (1)  follows. 

By  the  assumption  of  the  theorem,  R  is  paracompact  and  locally 
compact,  and  hence  there  exists  a  locally  finite  open  covering  {G^  |  a  e  £2} 
of  R  such  that  is  compact  for  every  a  .  If  we  put 


G  n  f  1(x  )  4  <}>}  > 

a  o 


(2) 


r  =  {a 


■  - 


. 
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then  f  is  an  infinite  set  since  f  ^(x  )  is  not  compact.  Let 


(3) 


G  =  u{G  a  c  T}  ,  V  =  X  -  f(R-G) 
a  1  o 


Then  V  is  open  and  f^(x)cf^(V)cG. 
o  r  o  v  o 

The  set  of  all  points  which  belong  to  f  ^(V  )  consists 

of  an  infinite  number  of  points  since  R  is  a  T  -  space.  We  will  denote 


these  points  by  y  ,  i  =  1,2,  •••  .  Then  y  is  clearly  a  limit  point  of 

K.^  O 


the  set  {y^  }  .  Therefore,  if  we  put  D  =  {x^ 
i  i 


i  =  1 ,2 , • •  •  }  we  have 


(4) 


x  e  D  -  D 
o 


Now  we  have  y,  e  f  (V  )  and  hence  x,  e  V  Thus 

k .  o  k .  o 

l  l 


(5) 


f  1(xk  )  c  f  1(Vo)  c  G  ,  i  =  1,2, 


In  view  of  (3)  and  (5)  we  can  find  points  y’  of  R  and  elements  a. 

K  ,  1 

1 

of  T  such  that 


(6)  y^  e  f  1(xk  )  nG^  and  yk  e  f  1(xk  )n(R 
i  1  al  i  i 


i-1 

u  G  )  n  G 
,  a.  a. 

1  =  1  1  ! 


i  =  2,3, 


-1  i_1 

Indeed,  since  f  (x  )  is  not  compact,  we  have  f  (x  )  n  (R  -  u  G  )  J 

i  i  3=1  J 

d>  for  any  finite  number  of  sets  G  ,»»*,G  ,  and  hence  these  y '  ,  a. 

a,  a.  ,  k.  l 

1  j-l  i 

can  be  found  by  induction. 


■ 
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Since  y  c  G  ,  a .  i  a ,  for  1  4  i  and  {G  a  e  r}  is 
k .  a .  i  j  a 

l  i  J 

locally  finite,  the  set  {y  '  |  i  =  1,2,***}  is  a  closed  subset  of  R  . 

K  , 
i 

Therefore  D  =  {x  }  is  closed  in  X  since  f  is  a  closed  map.  However 

ki 

(4)  shows  that  D  is  not  closed  in  X  .  Hence  the  assertion  is  proved  by 
contradiction. 

The  following  theorem  gives  Ishii 's  result  for  paracompact  products. 

Theorem  3.11.  Let  X  be  the  image  under  a  closed  continuous  mapping  f 
of  a  locally  compact  and  paracompact  Hausdorff  space  R  and  let  Y  be  a 
paracompact  space.  Then  the  product  XxY  is  paracompact. 

Proof:  The  product  space  R*Y  of  a  locally  compact  and  paracompact  Haus¬ 

dorff  space  R  with  a  paracompact  space  Y  is  paracompact.  Therefore, 
Theorem  3.11  follows  immediately  from  Lemma  3.9  and  3.10. 

Remark:  Essentially,  the  three  conditions  discussed  in  the  last  three 

sections  are  independent  of  each  other.  As  stated  in  §3.3,  Katuta  was  able 
to  show  that  his  result  covers  Morita's  when  X  and  Y  are  regular  spaces. 

He  was  also  able  to  show  that  his  result  is  not  covered  by  either  of  the 
other  two.  Ishii  was  able  to  show  that  his  condition  is  not  covered  by 
Morita's.  Finally,  J.  Suzuki  showed  that  Katuta’s  result  does  not  cover 
Ishii ’ s . 

3.5.  Other  Results.  Among  the  other  available  sufficient  conditions  are 
the  following,  which  will  be  stated  without  proof. 
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Theorem  3.12.  The  product  space  XxY  is  paracompact  for  every  paracom- 
pact  space  Y  in  each  of  the  following  cases: 

(a)  X  is  compact  (J.  Dieudonne,  cited  in  [Mo,-]). 

(b)  X  is  a  -  compact  and  regular  [Mi^]. 

(c)  X  is  paracompact  and  locally  compact  (K.  Morita,  cited  in  [Mo^]). 

(d)  X  is  the  closed  continuous  image  of  a  paracompact  and  perfectly 
normal  Hausdorff  space  [Ts]. 

As  stated  previously,  there  are  no  necessary  and  sufficient 
conditions. 

§ 4 .  Compact  Metric  Spaces. 

4.1.  Introduction .  In  §2  we  dealt  with  the  problem  of  a  paracompact  or 
normal  product  XxY  where  Y  was  any  metric  space.  We  would  now  like 

to  answer  the  question:  what  spaces  X  have  a  normal  or  paracompact  pro¬ 
duct  with  every  compact  metric  space  Y  ?  The  class  of  spaces  now  being 
considered  is  much  smaller  than  that  of  §2;  hence  the  conditions  provided 
in  §2  are  all  sufficient  in  the  present  case.  However,  because  we  have 
placed  a  further  restriction  on  the  spaces  Y  ,  it  is  reasonable  to  expect 
that  better  results  will  be  available,  and  this,  in  fact,  is  the  case. 

4.2.  Main  Theorems.  The  two  theorems  which  we  will  present  as  the  main 
results  of  this  section  are  both  well  known.  The  first  theorem  provides 
an  answer  for  paracompact  products  while  the  second  deals  with  normal 


products . 


- 

. 
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Theorem  4.1.  Let  Y  be  a  compact  metric  space.  Then  the  product  XxY 

is  paracompact  if  and  only  if  X  is  paracompact. 

Proof:  - >  .  X  is  an  F  subset  of  XxY  and  any  F  subset  of 

-  a  a 

paracompact  space  is  again  paracompact. 

< -  .  The  product  of  a  paracompact  space  with  a  compact  space 

is  always  paracompact. 

The  second  theorem  is  due  to  C.H.  Dowker.  The  proof  will  not 
be  given  here  since  it  is  well  known  ([W],  p.  158). 

Theorem  4.2.  Let  Y  be  a  compact  metric  space.  Then  the  product  XxY 

is  normal  if  and  only  if  X  is  countably  paracompact  and  normal. 

4.3.  Dowker* s  Conjecture.  In  view  of  the  above  theorem,  we  know  that 
Xxi  where  I  =  [0,1]  is  normal  if  and  only  if  X  is  countably  paracompact 
and  normal  (=  binormal).  Dowker  wondered,  in  the  paper  in  which  he  proved 
Theorem  4.2  [Do],  whether  every  normal  space  was  binormal;  the  assertion 
that  this  was  so  came  to  be  known  as  Dowker' s  Conjecture.  A  counterexample 
to  Dowker's  Conjecture  (that  is,  a  normal  space  which  is  not  binormal)  is 
called  a  Dowker  space.  It  is  only  recently  (1971)  that  M.E.  Rudin  has  been 
able  to  show  the  existence  of  a  Dowker  space  using  only  set  theoretic 
axioms  through  the  axiom  of  choice  [R]  .  Hence,  Dowker's  Conjecture  is 


false . 


■ 
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§ 5 .  Compact  Spaces. 

5.1.  Introduction.  Let  Y  be  a  compact  space.  In  this  section  we 
are  interested  in  answering  the  question:  what  spaces  X  have  a  para- 
compact  or  normal  product  with  every  compact  space  Y  ?  One  result  which 
is  immediate  and  obvious  is  that  the  product  space  X*Y  is  paracompact 
for  every  compact  space  Y  if  and  only  if  X  is  paracompact.  We  will 
show  in  our  main  result  that  these  conditions  are  equivalent  to  X*Y 
having  a  normal  product  for  every  compact  space  Y  . 

5.2.  Taman o' s  Theorem.  In  order  to  prove  the  main  theorem,  we  will 

have  to  make  reference  to  Tamano’s  famous  theorem  which  gives  an  important 
if  not  conclusive  characterization  of  paracompactness .  Recall  that  $X 
denotes  the  Stone-Cech  compactif ication  of  a  space  X  (§3.1).  The  theorem 
states  that  for  a  Tychonoff  space,  X  is  paracompact  if  and  only  if  X*3X 
is  normal.  We  will  state  this  theorem  in  its  original  form  without  proof 
(see  [W] ,  p.  154  for  proof). 

Theorem  5.1.  The  following  are  equivalent  for  a  Tychonoff  space  X  : 


(a) 

X*3X  is 

normal. 

(b) 

for  each 

compact 

F  c  3X  -  X  , 

there  is  a 

locally 

finite  open  cover 

{UA  I  X  f 

A]  of 

X  such  that 

<CV  V 

-©- 

ii 

c 

for  each  A  e  A 

(c)  X  is  paracompact. 

5.3.  Main  Theorem.  We  can  now  state  and  prove  our  main  result  in  this 
section.  The  proof  of  this  theorem  is  simplified  greatly  through  the  use 


of  Tamano's  theorem. 


‘ 

■ 
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Theorem  5.2.  The  following  are  equivalent  for  a  compact  space  Y  . 

(a)  XxY  is  paracompact  for  every  compact  space  Y  . 

(b)  X  is  paracompact. 

(c)  XxY  is  normal  for  every  compact  space  Y  . 

Proof :  (a)  -*  (c)  .  Every  paracompact  space  is  normal. 

(c)  -*  (b)  .  Since  XxY  is  normal,  it  follows  that  X  must  be 
normal,  and  hence  Tychonoff  (since  all  spaces  are  assumed  to  be  Hausdorff). 
Therefore  we  may  apply  Tamano’s  theorem.  By  assumption,  XxY  is  normal 
for  every  compact  space  Y  .  In  particular,  Xx(3X  is  normal  and  so  X 
is  paracompact  by  Theorem  5.1. 

(b)  -*  (a)  .  The  product  of  a  paracompact  space  and  a  compact 
space  is  always  paracompact. 


' 

- 


CHAPTER  II 


Paracompactness  and  Normality  in  Large  Products 


§6.  Introduction .  Chapter  I  dealt  with  the  question  of  paracompactness 
and  normality  in  the  product  of  two  topological  spaces.  In  this  chapter, 
we  will  be  concerned  with  providing  conditions  under  which  larger  finite 
and  countable  products  will  be  paracompact  or  normal.  Obviously  since 
the  product  of  even  two  paracompact  (normal)  spaces  need  not  be  para¬ 
compact  (normal),  larger  products  of  paracompact  (normal)  spaces  will 
often  fail  to  be  paracompact  (normal). 

In  comparison  with  the  amount  of  research  that  has  been  done 
on  the  product  of  two  spaces,  the  amount  of  research  on  large  paracompact 
or  normal  products  is  small.  In  §7,  we  will  consider  three  theorems 
which  provide  sufficient  conditions  that  guarantee  that  a  countable  pro¬ 
duct  of  paracompact  spaces  will  again  be  paracompact,  and  hence  normal. 
There  is  only  one  theorem  available  for  normal  products,  and  this  appears 
in  §8.  Finally,  in  §9,  we  will  devote  considerable  space  to  discussing  a 
paper  by  E.  Michael  in  which  he  constructs  a  number  of  counterexamples  to 
refute  some  plausible  conjectures.  These  examples  demonstrate  effectively 
the  unpredictability  of  higher  powers  of  a  space  X  .  For  example,  he 

provides  an  example  of  a  space  Y  such  that  Yn  is  paracompact  for  all 

XQ 

integers  n  ,  but  Y  is  not  normal. 

§7.  Paracompact  Products .  The  first  result  we  will  prove  is  due  to  A. 
Okuyama;  the  proof  we  present  is  K.  Morita’s.  This  theorem  provides  a 


. 


sufficient  condition  which  guarantees  that  a  countable  product  of  topol- 
ogical  spaces  will  be  paracompact. 


Theorem  7.1.  If  are  topological  spaces,  and  if  for  all 

n 

integers  n  ,  IT  X.  is  a  paracompact  space  in  which  every  open  sub- 

i=l  1 

oo 

set  is  an  F  (=  perfectly  normal),  then  II  X.  is  a  paracompact  space. 

^  i  1 

1=1 

OO 

Proof :  Let  U  =  {U  |  a  e  be  an  open  covering  of  11  X.  .  Without 

i=l 

loss  of  generality,  we  may  assume  that  for  each  e  U  , 

^  .  n 

U=U0x*‘*xU  x  •  •  •  n  a  x  n  X.  for  some  n  ,  where  U1  is 
a  3  y  <5,i  a  ’  y 

i>n  T 

a 

an  open  subset  of  X,  for  each  i  (1  <  i  <  n  )  .  Let 

i  —  —  a 

U  ={U  I  a  e  ft  ,  n  =  k}  ,  1/ ’  =  {U '  I  U  e  U.  }  where 
k  a  1  a  k  a  1  a  k 

Ua  =  {(xl>,"’xk)  I  €  Ua  c  Uk)  ,  and  Yk  -  uU^  |  U ^ 

Then  is  open  in  Xn  x  •••  x  x^  .  Since  X^  x  •••  x  x^  is  perfectly 

normal  and  paracompact,  there  exists  a  a  -  locally  finite  collection 

8^  =  {V^  |  A  e  A of  open  subsets  of  X^  x  • • •  x  X^  whose  union  covers 

Y,  and  which  is  a  refinement  of  U.  n  Y,  .  If  we  let 
k  k  k 

=  { (x^,  •  •  •  ,x^,  •  •  • )  |  (x^,*»*,Xj_)  e  V^}  for  each  A  e  ,  then  it  is 

readily  seen  that  {V^  |  A  e  A^  ,  k  =  is  a  a  -  locally  finite 

00  00 

open  covering  of  II  X  which  is  a  refinement  of  U  .  Hence  II  X. 

i=l  i=l  1 

is  paracompact. 

The  next  two  theorems  in  this  section  are  due  to  Z.  Frolik  and, 
like  Theorem  7.1,  they  express  a  condition  which  is  sufficient  to  make  a 
countable  product  of  topological  spaces  paracompact.  First,  recall  from 


‘ 


- 
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§2.2  that  a  completely  regular  space  X  is  said  to  TOPOLOGICALLY  COMPLETE 

IN  THE  SENSE  OF  CECH  if  X  is  a  G  subset  of  its  Stone-Cech  compactifi- 

o 

cation  gX  .  It  is  worth  noting  that  if  X  is  a  complete  space  and  X 
is  dense  in  Y  ,  then  X  is  a  G^  subset  of  Y  .  Frolik  also  gives  the 
following  equivalent  condition  for  complete.  A  completely  regular  space 
X  is  COMPLETE  if  and  only  if  there  exists  a  sequence  {10  of  open 
coverings  of  X  satisfying  the  following  condition:  if  U  is  a  family 
of  subsets  of  X  having  the  finite  intersection  property  and  if 
U  n  4  <j>  for  every  integer  n  ,  then  the  intersection  of  the  closures 
of  sets  from  U  is  non-empty.  Every  sequence  {LO  of  open  coverings 
satisfying  this  condition  is  called  complete. 

We  will  also  need  the  following  definition.  A  mapping  f  from 
a  space  X  to  a  space  Y  is  said  to  be  a  PERFECT  MAPPING  if  f  is 
continuous,  closed,  and  f  ^(y)  is  compact  in  X  for  every  y  e  Y  .  It 
is  easily  verified  that  the  product  of  perfect  mappings  is  again  a  perfect 
map. 

The  following  lemma  due  to  Frolik  will  be  needed  in  the  proof 
of  his  theorems. 

Lemma  7.2.  Let  X  be  a  completely  regular  space.  Then  X  is  paracom- 
pact  and  complete  if  and  only  if  there  exists  a  perfect  mapping  of  X 
onto  a  complete  metric  space. 

Proof :  - >  .  X  is  complete,  so  there  exists  a  complete  sequence  {U  } 

of  open  coverings  of  X  .  Since  X  is  paracompact,  every  U  is  an  open 
normal  covering.  Therefore,  we  can  construct  a  normal  sequence  {E^}  of 


i' 

' 

■ 
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open  coverings  such  that  every  B  refines  U  .  It  is  clear  that  the 

n  n 

sequence  {  B^}  is  complete. 

Now  there  exists  a  pseudometric  ip  on  X  such  that 

(a)  for  every  integer  n  ,  there  exists  an  e  >  0  such  that  the  cover¬ 
ings  consisting  of  all  open  spheres  of  radius  e  refines  U ^  ,  and 

(b)  for  every  e  >  0  ,  there  exists  an  integer  n  such  that  U refines 
the  covering  consisting  of  all  open  ip  -  spheres  of  radius  e  . 

Finally,  there  exists  a  mapping  f  of  X  onto  a  metric  space 

(Y,p)  such  that  \p(x,y)  =  p(f(x),f(y))  for  all  x  and  y  in  X  . 

Clearly  f  is  a  continuous  mapping.  To  prove  that  f  is  a  closed  mapping, 

it  is  sufficient  to  show  that  whenever  y  is  an  accumulation  point  of 

f[M]  ,  then  there  exists  an  accumulation  point  x  of  M  such  that 

x  e  f  ^(y)  .  Let  M  be  a  maximal  family  of  subsets  of  X  having  the 

finite  intersection  property  and  containing  all  sets  of  the  form  Mnf  ^(U) 

where  U  runs  over  all  neighborhoods  of  y  .  According  to  (a)  above,  we 

know  M  n  B  ^  <J>  for  all  integers  n  .  Thus  n  M  ^  and  evidently 
n  MeM 

is  contained  in  f  ^(y)  .  To  complete  the  proof  that  f  is  a  perfect 
mapping,  we  must  show  that  f  ^(y)  is  compact  for  any  y  e  Y  .  To  prove 
this,  it  is  sufficient  to  note  that  for  every  maximal  family  of  subsets 
of  X  having  the  finite  intersection  property  and  containing  the  set 
f  1(y)  ,  we  have  by  (a)  that  M  n  8^  ¥  <P  for  every  integer  n  . 

Therefore  we  have  that  f  is  a  perfect  mapping  of  X  onto  Y  , 
and  it  is  easy  to  see  that  (Y,p)  is  a  compact  metric  space. 


■ 
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Now  suppose  that  there  exists  a  perfect  mapping  f  of 


X  onto  a  complete  metric  space.  To  show  that  X  is  paracompact,  let 
{U  |  a  e  H}  be  any  open  covering  of  X  .  Consider  any  point  x  e  X  . 


a 


Then  x  e  Ua  for  some  a  e  9  .  Since  f  is  a  perfect  mapping,  there 
exists  an  open  neighborhood  V  of  f (x)  in  Y  such  that  x  e  f  ^(V  )  c 

X  X 


.  Now  consider  (V^  |  x  e  X)  .  This  is  an  open  covering,  and  since 
X  is  a  metric  space  (and  hence  paracompact),  there  exists  an  open 


locally  finite  refinement,  say  (K^  |  y  e  r}  .  We  claim  that 

{f  ^(K  )  |  y  e  T)  is  an  open  locally  finite  refinement  of  (U^  |  a  e  £2}  . 

Firstly,  each  f  ^(K^)  is  open  since  f  is  a  continuous  mapping,  so 

(f  ^(K^)  Iyer)  is  an  open  cover  of  X  .  Next,  this  cover  is  locally 

finite.  For  suppose  not.  Then  there  exists  an  x  e  X  such  that  x  is 

contained  in  infinitely  many  f  ^(K^)  ’  s  .  But  then  f(x)  is  contained 

in  infinitely  many  '  s,  which  is  a  contradiction  since  (K^  |  y  e  T } 

is  locally  finite.  Finally  {f  ^(K^)  |  y  e  F}  is  a  refinement  of 

(U  I  oi  £  S]}  since  for  each  y  e  T  ,  K  <=  V  for  some  p  e  Y  .  But 

a  1  Y  P 

then  f'*‘(K)cf1(V)cU  for  some  a  e  9  .  Hence  we  have  that 
y  p  a 

(f  ^ (K  )  |  y  £  r)  is  an  open  locally  finite  refinement  of  {U^  |  a  c  fi}  , 
so  X  is  paracompact. 


We  must  now  show  that  X  is  complete;  that  is  we  must  show  that 

X  is  a  G  subset  of  8X  .  We  have  that  Y  is  complete  and  that  f 

o 

is  a  perfect  map  from  X  onto  Y  .  We  can  extend  f  to  a  continuous 
map  F  from  8X  to  BY  ( [W] ,  Theorem  19.5,  p.  137).  Now  we  claim  that 
F(BX-X)  c  BY-Y  .  Suppose  to  the  contrary  that  there  exists  a  point 
p  e  BX  -  X  such  that  F(p)  =  y  e  Y  .  Since  f  is  a  perfect  map  we  know 


. 

. 
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that  H  =  f  (y)  is  a  compact  subset  of  X  .  Now  let  V  be  a  neighor- 
hood  of  H  in  SX  whose  closure  does  not  meet  p  .  Such  a  set  V 
exists  because  of  regularity,  and  we  may  assume  that  V  n  X  is  saturated 
(that  is,  a  union  of  inverse  images  of  points  in  Y  under  f  ).  Then 
f(VnX)  is  a  neighborhood  of  y  e  Y  and  so  F(VnX)  =  Y  n  W  where  W  is 
a  neighborhood  of  y  in  3Y  .  But  F  is  continuous  at  p  ,  so  there 
exists  a  neighborhood  S  of  p  in  3X  such  that  F(S)  c  W  .  However, 

S  necessarily  contains  points  of  X-V  ,  and  f  =  F  |  X  takes  such  points 
outside  W  .  Therefore,  we  have  a  contradiction  and  so  F(SX-X)  c  SY  -  Y 


Now  Y  is  a  Gr  subset  of  SY  .  Therefore  there  exists  open 

6 

00 

subsets  G  of  3Y  such  that  Y  =  n  G  .  Since  F  is  continuous ,  it 

i=l  1 

follows  that  F  ^(G  )  is  open  in  3X  for  every  i  ,  and  furthermore, 

oo 

X  =  n  F  (G.)  .  For  suppose  that  there  exists  an  x  e  SX  -  X  such 
i=l  1 

OO 

that  x  e  n  F  (G  )  .  Then  we  know  that  x  e  F  (G  )  for  every  i  and 
i=l  1 

OO 

so  F(x)  e  G.  for  every  i  .  Then  F(x)  e  n  G.  =  Y  ,  which  is  a  contra 
1  i=l  1 

diction  since  F(SX-X)  c  SY  -  Y  .  Hence  X  is  a  G.  subset  of  BX  and 

o 

it  follows  that  X  is  complete. 


We  can  now  prove  the  two  product  theorems  due  to  Frolik. 


Theorem  7.3.  Let  X^  be  a  paracompact  and  complete  space  for  every  i  . 

OO 

Then  II  X.  is  paracompact  and  complete. 
i=l  1 


Proof :  X^  is  paracompact  and  complete  for  every  integer  i  .  Therefore 


' 

by  Lemma  7.2,  there  exists  a  perfect  map  f  from  onto  some  complete 

00 

metric  space  Y  .  Consider  n  X.  and  f({x.})  =  ({f.(x.)})  .  Then  f 

1  i=l  1  1  li 

oo  OO  00 

is  a  perfect  mapping  from  II  X.  onto  n  Y.  ,  and  IT  Y.  is  a 

i=l  1  i=l  1  i=l  1 

complete  metric  space  ([W],  p.  178  and  p.  180).  Hence,  by  Lemma  7.2, 

OO 

II  X  is  paracompact  and  complete. 
i=l 

Theorem  7.4.  Let  X^  be  a  metric  space  or  a  complete  paracompact  space 

00 

for  every  integer  i  .  Then  II  X.  is  paracompact. 

i=l  1 

Proof :  We  know  that  the  countable  product  of  metric  spaces  is  again  a 

metric  space,  and  that  the  countable  product  of  paracompact  and  complete 
spaces  is  again  paracompact  and  complete.  Then  what  we  have  is  the 
product  of  a  metric  space  with  a  paracompact  and  complete  space.  But  a 
paracompact  and  complete  space  is  a  P  -  space  (§2.2)  and  we  know  that 

the  product  of  a  paracompact  P  -  space  with  a  metric  space  is  again  para- 

00 

compact  (Theorem  2.19).  Hence  IT  X.  is  paracompact. 

i=l  1 

§8.  Normal  Products.  Obviously,  each  of  the  products  in  Theorems  7.3 
and  7.4  is  normal.  The  result  for  normal  products  which  we  present  in 
this  section  is  due  to  Katetov.  Recall  that  a  space  is  said  to  be  PERFECTLY 
NORMAL  if  and  only  if  it  is  normal  and  every  open  subset  is  an  ,  or 

equivalently,  if  and  only  if  for  every  pair  of  disjoint  closed  subsets 
G  ,  H  of  X  ,  there  exists  a  continuous  function  f  :  X  ->  [0,1]  such  that 


. 

■ 
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Theorem  8.1.  Let  be  a  topological  space  for  every  i  .  If  for 


n 


all  integers  i  ,  H  X.  is  a  normal  space  in  which  every  open  subset 

i=l  1 


a 


is 

an  F  ,  then 

n 

X, 

a  ’ 

i=l 

i 

OO 

Proof :  Let  A  c 

n 

X. 

rH 

II 

•H 

1 

OO 

n 

o  f 

IT  X  onto 

n 

Xi  • 

i=l 

• — i 
ii 

•H 

n 

n 

i=l 

X^  such  that 

0 

if 

y  e  tt  (A)  . 

For 

X  € 

on 


i=l 


1  °° 

f(x)  =  J  ~  f  (x)  .  Then  f(x)  is  continuous  on  IT  X.  and 


n=l  2 


n  n 


i=l 


0  _<  f (x)  _<  1  for  every  x  e  II  X.  .  Also  f(x)  =  0  for  all  x  e  A  , 

i=l  1 

OO 


and  for  x  e  II  X.  -  A  and  some  convenient  m  ,  we  have  tt  (x)  i  tt  (A) 

.  ,i  mm 

i=l 

and  so  f^(x)  >  0  which  implies  that  f(x)  >  0  .  Therefore  we  have  that 
f(x)  =0  if  and  only  if  x  e  A  ,  which  completes  the  proof.  (A  well 
known  theorem  due  to  Urysohn  states  that  a  space  X  is  perfectly  normal 
if  and  only  if  there  exists  for  every  closed  A  c  X  a  continuous  function 
f  such  that  f(x)  =0  if  and  only  if  x  e  A  .) 


§9.  Counterexamples .  In  a  remarkable  paper  entitled  "Paracompactness 
and  the  Lindel'df  Property  in  Finite  and  Countable  Cartesian  Products" , 
Michael  provides  some  excellent  examples  to  demonstrate  the  unpredictability 
of  higher  powers  of  topological  spaces.  Examples  1  and  2  are  done  in  detail 
while  Example  3  and  4  are  merely  described.  Anyone  wishing  to  the  detail 
of  the  latter  should  refer  to  the  above  paper. 


JsP 


. 
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Example  1 .  There  exists  a  topological  space  Y  such  that  Yn  is  para- 
compact  for  every  integer  n  ,  but  Y  is  not  normal. 

Y  is  the  space  obtained  from  the  reals  R  with  its  usual 
topology  by  making  the  subset  P  of  irrationals  discrete.  Open  subsets 
of  Y  are  of  the  form  U  u  T  where  U  is  open  in  R  and  T  c  p  . 

This  space  is  often  referred  to  as  the  scattered  line.  The  space  Y 
has  the  following  properties: 

(1)  Y  is  regular:  This  is  clear  since  any  closed  set  in  Y  must  be 

of  the  form  Y  -  (UuT)  where  U  is  open  in  R  and  T  c  p  . 

Consider  any  point  y  i  Y  -  (UuT)  .  Then  two  cases  arise:  (a)  yeU  : 

in  this  case  we  can  find  an  open  interval  (a,b)  such  that 

y  e  (a,b)  <=  u  .  Then  the  open  set  (-<»,a)  u  (b,°°)  is  disjoint  from 
(a,b)  and  contains  Y  -  (UuT)  .  (b)  yeT  :  in  this  case,  {y}  is 

an  open  set  containing  y  and  (-°°>y)  u  (y,°°)  is  an  open  set  dis¬ 
joint  from  {y}  and  containing  Y  -  (UuT)  .  Hence  Y  is  regular. 

(2)  Y*P  is  not  normal:  This  also  is  dear.  If  we  let  Q  denote  the 

set  of  rational  points  in  Y  and  U  the  set  of  irrational  points 
in  Y  ,  then  A  =  QxP  and  B  =  {(x,x)  |  x  e  U}  are  two  disjoint 
closed  subsets  of  YxP  which  cannot  be  separated  by  disjoint  open 
sets.  Suppose  that  V  is  a  neighborhood  of  B  in  YxP  .  We  will 
show  that  V  contains  an  element  of  A  .  For  each  integer  n  ,  let 

U  =  (x  e  U  I  ({x}  x  S,(x))  c  V}  ,  where  S, (x)  represents  the  sphere 

n  A  A 

n  n 

of  radius  —  with  center  x  .  Then  U  covers  U  for  each  n  ,  and 
n  n 

since  U  is  not  an  in  Y  ,  there  exists  an  integer  k  such  that 


. 
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\ n 

Q  ¥  <t>  • 

Pick  ye 

U.  n  Q  and 
k 

p  e  P  such  that  | y— p 

1  1 

1  <  2k  * 

Then 

(y>p)  e 

A  .  Now  we  need  only 

show  that  any  rectangul 

ar  neigh- 

borhood  R*S 

of  (y,p) 

intersects 

V  .  Pick  y1  e  R  n  U, 

k 

so  that 

|y'-y 

i  l 

1  <  2k  ’ 

Then  (y 

’  ,p)  e  RxS  . 

Also,  it  follows  that 

1  y  '-p 

1  1  |y 

y|  +  i y-p 1 

<  7-  .  Hence 
k 

(y ' ,p)  e  V  since  y ' 

e  U.  . 
k 

Therefore,  YxP  is  not  normal. 


(3)  The  set  of  non-isolated  points  of  Y  is  Q  and  hence  is  countable. 

We  will  now  show  that  Yn  is  paracompact  for  every  integer  n  . 
This  follows  immediately  from  Theorems  9.2  and  9.3.  However,  before  stating 
and  proving  these  theorems,  we  must  establish  the  following  lemma.  Recall 
that  a  continuous  function  r  from  a  space  X  onto  a  subspace  A  of  X 
is  called  a  RETRACTION  of  X  onto  A  if  and  only  if  r|A  is  the  identity 
map  on  A  .  Then  A  is  called  a  RETRACT  of  X  . 

Lemma  9.1.  Let  X  be  a  space,  and  let  B  c  X  with  X  -  B  countable. 

Then  for  every  integer  n  ,  Xn  -  Bn  is  the  union  of  countably  many  sub- 

n  n- 1 

sets,  each  of  which  is  a  retract  of  X  and  homeomorphic  to  X 

Proof :  For  each  integer  i  <  n  and  each  element  a  e  X-B  ,  let 

Z.  =  {x  e  Xn  |  x .  =  a}  .  There  are  countably  many  such  sets  and  it  is 

1)3  1 

easily  verified  that  they  have  all  the  required  properties. 

Theorem  9.2.  If  X  is  a  regular  space  with  at  most  countably  many  non¬ 
isolated  points,  then  Xn  is  paracompact  for  every  integer  n  . 


14.  A  point  x  is  said  to  be  ISOLATED  if  and  only  if  {x}  is  open. 
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Proof :  We  will  prove  this  theorem  by  induction.  Let  X°  be  a  one 

point  set.  Then  it  is  clear  that  the  assertion  is  true  for  n  =  0  . 

Now  assume  that  Xn  ^  is  paracompact  and  we  will  show  that  Xn  is 
paracompact.  Denote  by  B  the  set  of  isolated  points  of  X  .  Let 

[  X  e  A}  be  an  open  cover  of  Xn  .  By  Lemma  9.1,  there  are  retracts 

q  n  n  oo 

of  X  which  are  homeomorphic  to  X  such  that  X  -  B  =  u  Z.  . 

i=l  1 

Now  each  Z^  is  paracompact  by  our  inductive  hypothesis.  So  for  each  i 

there  exists  a  locally  finite  relatively  open  (with  respect  to  Z^  ) 

refinement  (V  .  |  X  e  A}  of  {IL  n  Z.  I  X  e  A}  .  Let  r.  :  Xn  -+  Z, 

X ,  l  1  X  i  1  l  i 

be  the  canonical  retraction  for  each  integer  i  and  let 

Wx  i  =  r;\(VA  .)nUA,XeA,ieN.  Then  W  =  (WA  .  |  X  e  A  ,  i  e  N} 
is  a  a  -  locally  finite  collection  of  open  subsets  of  Xn  which  covers 
Xn  -  Bn  .  But  then  W  u  {{x}  j  x  e  Xn  -  uW}  is  a  a  -  locally  finite 
refinement  of  (UA  |  X  A}  .  Since  Xn  is  regular,  it  follows  that  Xn 
is  paracompact  ([Du],  Theorem  2.3,  p.  163). 

Clearly  the  space  Y  described  previously  satisfies  the  condi¬ 
tions  of  Theorem  9.2.  Therefore  Yn  is  paracompact  for  every  integer  n  . 

Xo 

We  will  now  show  that  Y  is  not  normal. 

Theorem  9.3.  If  X  is  a  space  for  which  X^°  is  normal,  then  XxP  is 
normal . 

Proof :  Since  a  countably  compact  and  normal  space  is  a  P  -  space,  it 

follows  from  Theorem  2.18  that  the  product  of  a  countably  compact  and 
normal  space  with  a  metric  space  is  normal.  Therefore,  if  X  is  countably 
compact,  then  XxP  is  normal. 
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If  X  is  noL  countably  compact,  then  X  has  a  closed  subset 

homeomorphic  to  N  .  Hence  X  has  a  closed  subset  which  is  homeo- 

morphic  to  N  °  ,  and  hence  to  P  .  But  X* *°  is  homeomorphic  to  XxX^°  , 
Xo 

so  X  has  a  closed  subset  homeomorphic  to  XxP  .  Hence,  Xxp  is 
normal. 


We  have  already  shown  that  Yxp  is  not  normal  for  the  space  Y 
,  X0 

constructed.  Hence  Y  cannot  be  normal. 

Example  2.  (Assumes  the  continuum  hypothesis^.)  There  exists  a  regular 

16  x  o 

space  Y  such  that  Y  is  Lindelbf  for  every  integer  n  ,  but  Y  is 
not  normal. 


Let  X  be  the  space  described  in  Example  1;  that  is,  X  is 
the  space  obtained  from  the  reals  R  by  making  the  subset  P  of  irra¬ 
tionals  discrete.  We  will  show  that  there  exists  a  subset  Y  of  X  such 
that  Yn  is  Lindelof  for  every  integer  n  .  We  will  need  the  following 
two  lemmas . 

Lemma  9.4.  Let  Y  be  a  topological  space,  and  let  B  c  Y  with  Y  -  B 

countable.  Suppose  that  for  every  integer  m  n  ,  the  space  Ym  has  a 

base  W  which  is  closed  under  countable  unions  and  has  the  property  that 
m 

Ym  -  W  is  countable  whenever  W  e  W  and  W  d  Ym  -  Bm  .  Then  Yn  is 

m 

Lindelof. 

15.  The  CONTINUUM  HYPOTHESIS  states  that  there  are  no  sets  A  such  that 
XQ  <  |A|  <  2Xo  . 

•  • 

16.  A  space  is  said  to  be  LINDELOF  if  and  only  if  every  open  cover  has  a 
countable  subcover. 


two 


Proof : 


We  will  prove  by  induction  that  Ym  is  Lindelof  for  all  m  <  n  . 
The  assertion  is  clearly  true  for  m  =  0  where  Y°  is  a  one  point  set. 

TT1"~  1 

Now  assume  that  Y  is  Lindelof  and  we  will  prove  that  Ym  is  Lindelof. 

Let  U  be  an  open  covering  of  Y™  .  Then  we  must  find  a 
countable  subcovering.  Without  loss  of  generality,  we  may  assume  that 
U  c  W  *  Now  Ym  -  Bm  is  Lindelof  by  our  inductive  hypothesis  and  Lemma 
9.1.  Therefore  U  has  a  countable  subcollection  1/  which  covers  Ym-Bm  . 
Let  W  =  uU  .  Then  W  e  Cl/  and  W  ^  Ym  -  Bm  ,  so  Ym  -  W  is  countable. 
Let  V  be  a  countable  subcollection  of  U  which  covers  Ym  -  W  .  Then 
V  u  1/  is  a  countable  subcover  of  U  and  so  Ym  is  Lindelof. 


Lemma  9.5. 
and  for  each 


that  if  Y  = 


U  3 


Ym  _ 


B 


m 


Let  X  be  a  T.  -  space,  let  A  be  a  non  -  G.  subset  of  X 

1  o 

m  let  U  be  a  collection  of  open  subsets  of  Xm  with 
m 

Then  there  exists  an  uncountable  subset  B  of  X  -  A  such 

AuB  ,  then  Ym-U  is  countable  whenever  U  e  U  with 
*  m 


9 


Proof:  Let  U  =  u  U  Then  U  <  Y-,  »  so  we  can  write  U  = 

m=l 

By  transfinite  induction,  we  will  construct  a  subset  B  =  (y(a)  | 

of  X  -  A  with  all  y(a)  distinct  so  that  if  m  e  N  ,  U  e  U  , 

J  3  m 

U  >  Ym  -  Rm  ,  and  if  a, , • • • , a  <  with  3  <  max (a  , •••,a  }  , 

3  ’  I’m  —  I’m 

(y (a ^ ),*•*, y (am) )  (  .  This  will  complete  the  proof. 


{U  a<^}  . 
a ' 

a  <  fi} 


then 


Let  us  suppose  that 


U 


o 


X  and  start  the  induction  by  letting 


y (0)  be  any  element  of  X  -  A  .  Now  let  a  >  0  and  suppose  that  distinct 

y_  with  3  <  a  have  been  chosen  so  that  our  requirement  is  satisfied 
3 


whenever  max{a  ,••• >a  }  <  a  .  We  must  choose  y(a)  so  that  it  is  also 

1  m 

satisfied  whenever  max{ot^ , • • • , a^}  =  a  ,  and  so  that  y(a)  4  y(3)  for 
all  3  <  a  . 


Let  B  -  (y ( 3 )  |  3  <  ot}  and  Y  =  A  u  B  .  For  each  integer 
a  1  a  a 

m  ,  let  F  =  (3  <  a  |  U  £  U  ,  U  =>  Ym  -  B™}  .  Then  T  is  countable, 
m  —  1  3  m  *  3  a  a  m 


Now  for  each  integer  m  ,  let  d>  be  the  set  of  all  functions 

m 

4>  from  {l,***,m}  to  (3  |  3  ^  ot}  such  that  4>(i)  =  a  for  at  least 

one  i  <  m  .  For  each  <f>  £  <j>  ,  define  g.  :  X  ->-  X111  by 

m  <p 


x 


(Vx))i  ■  < 


y(4>(i)) 


if  4>  ( i )  =  a 
if  4>(i)  <  a 


-1  i 

Now  let  W  =  n{g  (U  )  <*>£<}>  ,  3  e  T  }  ,  W=  n  W  -  {y  (3)  |  3  <  a}  . 

m  p  m  m  ,  m 

m=l 

Then  W  is  a  subset  of  X  containing  A  ,  and  hence  contains  an 

element  of  X  -  A  which  we  take  to  be  y(a)  . 


It  remains  to  show  that  our  requirements  are  now  satisfied  when¬ 
ever  max{a. }  =  a  .  So  suppose  that  3  <  a  and  that  Un  e  U  and 
1  m  —  3  m 

U„  ^  Ym  -  Bm  .  Then  U0  o  (Y®  -  Bm)  ,  so  3  e  T  .  To  show  that 
3  3  a  a  m 

(y(a.)  •••  y(a  ))  c  Un  ,  define  d  £  d>  by  d)(i)  =  a.  for  1  <  i  <  m  . 

1  m  3  m  l  —  — 

Then  g  (y(a))  =  (y  (o^)  ,  •  •  •  ,y  (oO )  .  But  y^  £  W  c  Wm  c  g^1(U^)  ,  so 
g^(y(a))  c  Up  .  Hence  (y (a^) , • • • ,y (a^) )  e  and  we  are  done. 

The  following  theorem  provides  the  main  result  with  which  we 
will  construct  our  example.  Note  that  the  proof  requires  the  continuum 


hypothesis . 


mp 
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X 

Theorem  9.6.  Let  X  be  a  space  of  weight  _<  2  °  ,  and  A  a 

countable,  non  subset  of  X  .  Then  X  has  an  uncountable  subset 

Y  =>  A  such  that  Y  is  Lindelof  for  all  integers  n  . 

Proof :  For  each  integer  m  ,  the  space  Xm  has  a  base  U  of  cardinal- 

m 

X0 

tty  2  ,  and  we  may  suppose  that  U  is  closed  under  countable  unions. 

m 

By  the  continuum  hypothesis,  we  have  that  the  cardinality  of  _<  . 

Now  we  apply  Lemma  9.5  to  find  an  uncountable  subset  B  of  X  -  A  such 

that  if  Y  =  A  u  B  ,  then  Ym  -  U  is  countable  whenever  m  e  N  ,  U  e  U  , 

m 

and  U  d  Ym  -  Bm  .  Let  0/  =  {U  n  Ym  I  U  e  U  }  .  Then  Y, B  ,  and  the 

m  1  m  ’ 

satisfy  the  assumptions  of  Lemma  9.4  for  every  integer  n  ,  so  Yn  is 
Lindelof  for  all  n  e  N  . 


Now  let  X  be  the  space  described  in  Example  1,  and  let  A  be 
the  subset  Q  of  rationals.  Then  X  and  A  satisfy  the  hypothesis  of 

Theorem  9.6,  and  so  X  has  an  uncountable  subset  Y  containing  A  such 

n  Xq 

that  Y  is  Lindelof  for  every  integer  n  .  To  show  that  Y  is  not 

normal,  we  shall  show  that  Yxp  is  not  normal  and  apply  Theorem  9.3. 

More  generally,  we  can  prove  that  Sxp  is  not  normal  if  S  is 
any  uncountable  Lindelof  subspace  of  X  containing  Q  .  This  follows 
because  if  S  is  an  uncountable  Lindelof  subspace  of  X  containing  Q  , 
then  every  neighborhood  of  Q  in  S  has  a  countable  complement  in  S  ,  so 
that  Q  is  not  a  G^  in  S  .  However,  we  can  also  prove  that  Sxp  is 

not  normal  if  S  is  any  subspace  of  X  containing  Q  as  a  non  G^  sub¬ 
set.  The  proof  is  the  same  as  the  proof  that  Yxp  is  not  normal  in  Example 

1.  Hence  Yxp  is  not  normal  and,  by  Theorem  9.3,  Y 


is  not  normal. 


■  ' 
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Example  3.  There  exist  semi-metrizable^,  regular  spaces  and 

such  that  and  Y^0  are  both  hereditarily  Lindelof ^ ,  but 

is  not  normal. 

As  in  the  last  example,  we  shall  assume  that  the  continuum 

hypothesis  is  true.  Consider  the  space  X  =  .  Let  x  be  the  topol- 

2 

ogy  on  R  generated  by  the  base  consisting  of  all  "horizontal  bow-tie 

2 

neighborhoods",  and  let  be  the  topology  on  R  generated  by  all 

"vertical  bow-tie  neighborhoods".  Then  it  can  be  shown  that  (X,x^)  and 
(X,x0)  are  homeomorphic ,  and  that  (X,x^)  and  (XjX^)  are  completely 
regular,  semi-metrizable  topologies  on  X  . 

We  will  not  go  into  the  detail  of  this  example.  However,  Michael 

was  able  to  prove  that  X  has  a  subset  Y  containing  such  that  Yn 

is  Lindelof  with  respect  to  both  x^  and  x^  for  every  integer  n  .  Now 

letting  Y^  =  (Y,x^)  and  =  (Y,X2>  ,  we  have  that  Y^  and  Y^  are 

semi-metrizable  and  regular.  Furthermore,  it  is  possible  to  show  that 
X  o  X  o 

Y^  and  Y2  are  hereditarily  Lindelof.  However,  not  norTnal* 

2 

This  follows  because  if  we  let  E  =  (y ,x^)x(Y,t2)  >  then  since  Q  cY  we  have 
that  Q2xQ2  is  a  countable  dense  subset  of  E.  On  the  other  hand 
D  =  {(x,x)|xeY)  is  a  closed  discrete  subset  of  E  of  cardinality  2  0  . 

Hence  E  is  not  normal  by  a  theorem  due  to  F.B.  Jones  ( [W] ,  Lemma  15.2,  p.  100). 

17.  A  space  X  is  said  to  be  SEMI-METRIZABLE  if  there  exists  a  function 
d  :  XxX  -+  R  such  that  for  all  x,y  c  X  ,  (a)  d(x,y)  =  0  if  and 
only  if  x  =  y  ,  and  (b)  d(x,y)  =  d(y,x)  . 

18.  A  space  is  said  to  be  HEREDITARILY  LINDELOF  if  and  only  if  every 
subspace  is  Lindelof. 


. 

; 

' 
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Example  4.  (Assumes  the  continuum  hypothesis.)  For  each  Integer  n  , 
there  exists  a  regular  space  Y  such  that  Yn  is  hereditarily  Lindelof, 
but  Yn  ^  is  not  normal. 


Let  X  stand  for  the  set  of  reals  R  equipped  with  any 

topology  of  weight  <  2*°  .  We  will  define  D  =  (x  e  Xn  I  )  x.  =  /2} 

—  n  u 

i=l 

and  a  subset  E  of  Xn  will  be  called  SIMPLE  if  y  ,y '  e  E  with  y  1  y' 
implies  that  y^  4  y^  for  all  i  _<  n  .  Michael  provides  the  following 
theorem  which  we  will  state  without  proof. 

Theorem  9.7.  For  any  integer  n  ,  X  has  a  subspace  Y  such  that  Yn 
is  Lindelof  and  such  that  Yn+^  n  D  contains  an  uncountable  simple 


Now  consider  the  Soyenfrey  line  S  .  Clearly  S  satisfies  all 
of  the  conditions  of  the  above  theorem,  and  so  we  can  find  Y  and  E  as 
in  the  theorem  such  that  Yn  is  Lindelof  and  E  is  an  uncountable  simple 
set  contained  in  yn+^  n  .  However,  every  open  subset  of  Sw  , 

where  co  _<  XQ  >  is  an  F  .  Hence  every  open  subset  of  Yn  is  an  F^  , 
from  which  it  follows  that  Yn  is  hereditarily  Lindelof.  (Since  every 
open  subset  is  an  F^  ,  we  immediately  have  that  every  open  or  closed  sub¬ 
set  is  Lindelof.  Now  suppose  that  B  is  any  other  subset  and  let  {U^} 
be  an  open  cover  of  B  .  Then  ^  =  ^  an  °Pen  set  containing  B  . 

But  U  is  Lindelof  and  so  there  exists  a  countable  subcover  {U  }  which 

n 

covers  U  and  hence  B  .  So  B  is  Lindelof.) 


able  and  so  Y 


To  show  that  Y 
n+1 


n+1 


is  not  normal,  we  observe  that  Y  is  separ- 
is  also  separable.  Since  we  have  assumed  that  the 


■ 


■ 
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continuum  hypothesis  is  true,  the  cardinality  of  E  is  2  w  .  We  will 

.n+1 


be  done  if  we  can  show  that  E  is  discrete  and  closed  in  Y 


But 


E  is  a  subset  of  D  , ,  and  clearly  D  , ,  is  closed  and  discrete  in 

n+1  n+1 

Yn+"^  .  So  E  is  a  closed  and  discrete  subset  of  y11"*”'*'  .  Hence,  by 
Jones'  Lemma  ( [W] ,  Lemma  15.2,  p.  100),  Y  is  not  normal. 
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CHAPTER  III 

Other  Properties  in  Cartesian  Products 


§10.  Introduct ion .  Having  discussed  the  properties  of  paracompactness 

and  normality  in  the  previous  two  chapters,  we  now  turn  our  attention  to 

•  • 

some  other  properties  in  product  spaces,  namely  the  Lindelof  property, 
countable  compactness,  pseudocompactness,  and  perfect  normality.  We  will 
show  by  example  that  the  product  of  spaces  having  the  property  P  need 
not  have  that  property,  where  P  stands  for  one  of  the  above  properties. 
Having  done  this,  we  will  be  interested  in  determining  conditions  under 
which  the  product  will  have  the  desired  property. 

§11.  The  Lindelof  Property.  Recall  that  a  topological  space  is  said  to 
be  LINDELOF  if  every  open  cover  has  a  countable  subcover.  Then  a  Lindelof 
space  is  a  space  which  is  almost  compact,  and  apparently,  a  countably 
compact,  Lindelof  space  is  compact.  It  is  well  known  that  a  continuous 
image  of  a  Lindelof  space  is  again  Lindelof,  and  that  a  closed  subspace  of 
a  Lindelof  space  is  Lindelof  ([W],  p.  110).  One  of  the  more  important 
facts  concerning  Lindelof  spaces  is  that  every  regular,  Lindelof  space  is 
normal  ( [W] ,  p.  111).  Finally,  the  Sorgenfrey  line  (§1.1)  is  an  example 
of  a  Lindelof  space  whose  product  with  itself  is  not  Lindelof. 

There  are  several  results  available  for  a  Lindelof  product.  The 
first  result  is  due  to  K.  Morita,  and  it  expresses  a  necessary  and  suffi¬ 
cient  condition  on  a  space  X  such  that  the  product  space  X*Y  is 
Lindelof  for  every  separable  metric  space  Y  .  A  space  is  said  to  be 


■ 
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SEPARABLE  if  it  contains  a  countable  dense  subset.  Morita's  result  is 
based  upon  many  of  the  definitions  and  results  given  in  §2.  We  shall 
need  an  additional  result. 

Theorem  11.1.  A  space  X  is  a  separable  metric  space  if  and  only  if 

,  Xo 

there  exists  a  subspace  S  of  the  Cantor  discontinuum  D  and  a  closed 

continuous  mapping  g  from  S  onto  X  such  that  g  ^(x)  is  compact 

for  each  point  x  e  X  . 

Proof :  Let  $7  be  a  countably  infinite  set.  Then  any  subspace  of  N(fi) 

is  a  separable  metric  space  of  dimension  _<  0  ,  and  hence  is  homeomorphic 

X0 

to  a  subspace  of  D  .  Therefore,  Theorem  11.1  is  an  immediate  consequence 
of  Theorem  2.11. 

Theorem  11.2.  The  product  X*Y  is  Lindelof  and  normal  for  every  separa¬ 
ble  metric  space  Y  if  and  only  if  X  is  a  Lindelof,  normal  P(2)  -  space. 

Proof ;  - >  .  That  X  is  Lindelof  is  clear.  Let  S  be  any  subspace 

of  the  Baire  space  N(ft)  ,  where  is  countably  infinite.  Then  S  is 

a  separable  metric  space,  and  by  assumption,  XxS  must  be  normal.  Then, 
by  Lemma  2.15,  X  must  be  a  normal  P(m)  -  space  where  m  _>  2  ,  and  so 
X  is  a  normal  P(2)  -  space. 

< -  .  Let  X  be  a  normal  P(2)  -  space  with  the  Lindelof 

Xo 

property,  and  let  S  be  any  subspace  of  the  Cantor  discontinuum  C  =  D 
where  D  =  {0,1}  .  Now  let  M  =  {M  |  X  A}  be  any  open  covering  of 
XxS  .  Then  as  a  refinement  of  M  we  can  find  an  open  covering 


' 
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(1)  (L(e1,*  •  •  ,ei;X)  x  [V(€1>*  •  •  ,ei)  n  S]  |  =  0,1; 

1  =  1,2,- ••  ,  X  e  A} 

of  XxS  such  that  L(e  ,  •  •  •  ,e .  ;X)  x  [V(e  ,•••,£  )  n  S]  c  M  .  Let  us 

-L  1  J-  i  A 

i 

put  G(e  ••*,£  ;X)  =  u  L(e  ,•••,£. ;X)  .  Then 

J-l  J 

(2)  G(e1,  •  •  •  ,ei;X)  x  [VC^,  •  •  •  n  S]  c 


since  V(e^, • • 
(3) 


,e^)  c  V(£^,  •  •  •  ,£_. )  for  j  <_  i  .  Now  let  us  put 
G(e1,*«*,ei>  =  u{G(e1, • • • ,ei;X)  |  X  e  A}  . 


Then  it  follows  that  G(£  ,•••,£  )  c  G (e  , • • • ,e ^ ,£  )  for  €^,«»*,£ 

0,1  ,  and 

oo 

(4)  X  =  u  G(e  ,•••,€.)  for  (e  ,£,*••)  e  S  , 

i=l 

since  (1)  is  a  covering  of  XxS  . 

From  the  assumption  that  X  is  a  normal  P(2)  -  space  and  from 
Lemma  2.1,  it  follows  that  there  exists  a  family 


of  open 

(5) 


{H(e^,***,£^)  I  =  0,1  ;  i  =  1,2,---} 

F  -  subsets  of  X  such  that  H(c,, •••,£.)  c  G (c e  .  ) 
a  1  l  1  l 

OO 

x  =  u  H(e1,-**,ei)  for  (e1,e2»***)  €  s  • 
i=l 


and 


- 
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Since  each  subspace  H(e  ,••*,€.)  is  an  F  subset  of  the  Lindelof 

1  1  a 

space  X  ,  H(e^, •••,€)  has  the  Lindelof  property.  Hence  there  exists 

a  countable  subset  A(elt •••,€>  of  A  such  that 

(G(e1, • • • ,e1;A)  n  H(e1,«»«,ei>  |  A  e  A (e ± , • • • , e ±) } 

is  a  countable  covering  of  H(e^, •••,€)  .  Then  the  family 
{  [G(e1,  •  •  •  ,e±;X)  n  ,  •  •  •  ,6^  ]  x  [V(e1>  •  •  •  ,e±)  n  S]  |  A  e  A(e1,»«»,ei)  , 

=  0,1  ;  i  =  1,2,***}  is  a  countable  open  covering  of  XxS  in 
view  of  (3),  (4),  and  (5)  .  Moreover,  by  (2),  it  is  a  refinement  of  M  . 
Therefore,  XxS  has  the  Lindelof  property. 

Now  let  Y  be  any  separable  metric  space.  Then,  by  Theorem 
11.1,  there  exists  a  subspace  S  of  C  =  D  °  and  a  continuous  mapping  of 
g  from  S  onto  Y  .  Hence  there  exists  a  continuous  mapping  from  XxS 
onto  X*Y  .  Since  XxS  is  Lindelof,  it  follows  that  XxY  has  the  Lindelof 
property. 


Morita's  theorem  provides  us  with  the  best  result  for  a  Lindelof 
product  XxY  where  Y  is  any  separable  metric  space.  For  larger  products, 
we  have  a  result  due  to  E.  Michael.  However,  before  looking  at  this,  we 
will  examine  another  of  Michael's  counterexamples.  In  this  one,  he  is  able 
to  show  the  existence,  for  every  integer  n  ,  of  a  regular  space  X  such 
that  Xn  is  Lindelof,  Xn+^  is  paracompact,  but  Xn+^  is  not  Lindelof. 

Example  5.  Let  X  be  the  space  in  Example  (1)  of  §9.  Recalling  the 
hypothesis  which  led  to  Theorem  9.7  in  Example  (4)  of  §9,  we  see  that  the 
space  X  satisfies  these  conditions.  Therefore  we  can  pick  the  sets  Y 
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and  E  as  in  that  example  and  Yn  will  be  Lindelof.  We  must  now  show 
that  Y  ^  is  not  Lindelof,  and  to  accomplish  this  we  will  show  that  the 


n+1 


is  closed  and  discrete.  Now  D  ,,  is 

n+1 


uncountable  subset  E  of  Y 

surely  closed  in  Xn+^  .  Therefore  we  need  only  show  that  if  x  e  D  , _  , 

n+1 

then  x  has  a  neighborhood  in  Xn+^  containing  at  most  one  element  of  E  . 
But  clearly  D  n  Qn+^  =  <b  ,  so  x.  is  irrational  for  some  i  <  n+1  , 
and  since  E  is  simple,  {x*  e  Xn+^  |  x!  =  x.}  is  a  neighborhood  of  x 
containing  at  most  one  element  of  E  .  Hence  E  is  closed  and  discrete, 
and  so  Yn+^  is  not  Lindelof.  That  Xn'*"‘*'  is  paracompact  follows  from 


Theorem  9.2. 


In  addition  to  the  above  counterexample,  Michael  is  able  to 
provide  a  condition  which  guarantees  that  a  countable  product  of  topologi¬ 
cal  spaces  will  be  Lindelof. 

n 

Theorem  11.3.  If  for  all  integers  n  ,  II  X.  is  a  Lindelof  space  in 

i=l  1 

00 

which  every  open  subset  is  an  F  ,  then  EX.  is  Lindelof. 

a  i=l  1 


00 


Proof :  Let  U 

oo 

be  an  open  cover  of 

OO 

n  x 

i=l 

i  * 

Then  for  each  U  e  U 

n 

9 

U  =  U  (U (n)  X 
n=l 

II  X.)  where 

i=n+l  1 

U(n) 

is 

an 

open  set 

in 

n  x.  . 

i=l  1 

Let 

^d 

pi 

3 

II 

/— S 

d 

> 

U  e  U}  .  Then 

(U(n) 

n 

1  u  e 

U} 

is  an 

open 

cover  of 

n 

V(n)  . 

But  since  every 

open  subset  of 

n  x 

i=l 

is 

an 

F  ,  we 

a  * 

get 

that  II 

i=l 

X. 

l 

is  hereditarily 

Lindelof,  and  so 

V  (n) 

is 

Lindelof . 

Hence 

there  exists  a 

countable  subcollection  U  of 

U  such  that 

V(n)  = 

u{U(n 

)  |  U  e  U 

}  . 

Then  (U(n)  x  n  X.  I  U  e  U  ,  n  e  N}  is  a  countable  subcollection  from 

,,  1  n 

i=n+l 


. 


- 
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U  which  covers  II  X.  .  Hence  II  X  is  Lindelof. 

1=1  1  1=1  1 

§12.  Countable  Compactness.  Recall  that  a  space  X  is  said  to  be 
COUNTABLY  COMPACT  if  every  countable  open  cover  of  X  has  a  finite  sub¬ 
cover.  It  is  readily  shown  that  this  is  equivalent  to  every  countably 
infinite  subset  G  of  X  having  a  cluster  point.  Obviously  every  com¬ 
pact  space  is  countably  compact,  and  so  the  property  of  countable  compact¬ 
ness  is  a  property  slightly  weaker  than  compactness.  The  following  example 
shows  that  the  product  of  two  countably  compact  spaces  need  not  be  counta¬ 
bly  compact. 

Example  6.  We  will  construct  a  subspace  G  of  N  such  that  G  is 

countably  compact,  but  GxG  is  not  countably  compact.  First,  define  a 
homeomorphism  1 p  of  BN  onto  itself  as  follows.  We  note  that  BN  is 
the  union  of  two  disjoint  copies  of  itself,  BN^  and  B^  .  If  we  let 
x  be  any  homeomorphism  of  BN^  onto  B^  ,  then  we  define  ip  to  agree 
with  x  on  BN^  and  with  x  ^  on  BN^  •  Then  we  have  that  ip  has  no 
fixed  point  and  ip*\p  is  the  identity  on  BN  . 

We  will  define  the  subspace  G  of  BN  inductively.  Let  £ 

denote  the  family  of  all  countably  infinite  subsets  of  BN  .  Since 

| BN |  =  2C  ,  it  follows  that  |^|  =  (2C)  °  =  2C  .  Let  <  be  a  well  order- 

c 

ing  of  C  according  to  the  smallest  ordinal  of  cardinal  2  .  Consider 

any  S  e  £  ,  and  suppose  that  for  each  E  <  S  ,  we  have  chosen  a  cluster 
point  p  of  E  ,  distinct  from  ip(p  ,)  for  all  E*  <  S  .  Now  |s|  =  2C 

Lj  £j 

and  so  | S-S |  =  2C  .  Since  the  set  of  all  predecessors  of  S  is  of  smal¬ 
ler  cardinal,  we  can  select  pg  in  S-S  so  as  to  differ  from  <KPE)  for 
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all  E  <  S  .  We  now  define  G  =  N  u  (p^  |  S  c  r, }  .  By  construction, 
every  countably  infinite  subset  of  G  has  a  cluster  point  in  G  ,  and 
so  G  is  countably  compact. 

To  show  that  GxG  is  not  countably  compact,  we  need  only 
show  that  there  exists  an  unbounded  continuous  function  on  GxG  ( [ W] , 
Theorem  17.13,  p.  123).  To  show  this,  it  is  sufficient  to  prove  that 
there  exists  an  infinite,  discrete  set  that  is  open  and  closed.  Consider 
the  infinite  set  D  =  {(n,\jj(n))  |  n  e  N}  .  Since  ip  carries  N  into  N 
each  point  of  D  is  isolated,  and  hence  D  is  open  and  discrete.  On  the 
other  hand,  if  p  i  N  ,  then  G  by  construction  does  not  contain  both  p 
and  <Kp)  •  Therefore,  D  is  the  intersection  of  GxG  with  the  subset 
{(p,ijj(p))  |  p  e  6N}  of  SNxgN  .  But  the  latter  set  is  the  graph  of  a 
continuous  mapping  and  hence  is  closed.  Therefore  D  is  closed  in  GxG  . 
(Those  wishing  to  see  the  details  of  this  example  should  refer  to  [ G J ] , 
p.  135). 


Z.  Frolik  is  responsible  for  our  first  result  concerning  counta¬ 
bly  compact  products.  He  makes  use  of  the  easily  demonstrated  fact  that 
X  is  countably  compact  if  and  only  if  every  countable  family  of  closed 
subsets  of  X  with  the  finite  intersection  property  has  a  non-empty  inter 
section.  Before  we  state  and  prove  Frolik' s  theorem,  a  couple  of  lemmas 
are  needed. 

Lemma  12.1.  Let  f  be  a  closed  map  from  a  space  P  into  a  space  Q  . 

If  Q  is  countably  compact  and  if  f  ^(y)  is  countably  compact  for  each 
y  e  Q  ,  then  P  is  countably  compact. 


_ 


' 
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Prop f :  Let  {F}  be  a  countable  family  of  closed  subsets  of  P  with 

the  finite  intersection  property.  Without  loss  of  generality,  we  may 
assume  that  if  F^  and  F^  belong  to  {F}  ,  then  their  intersection 
^1  n  ^2  a^-so  belongs  to  { F }  .  Now  choose  a  point  y  e  n{f(F)}  .  By 
assumption,  the  space  E  =  f  ^(y)  is  countably  compact.  The  family 
{FnE}  is  a  countable  collection  of  closed  subsets  of  E  and  has  the 
finite  intersection  property.  Hence  n{EnF}  4  4>  and  so  n{F}  <p  . 
Therefore  P  is  countably  compact. 


Lemma  12.2.  Let  K  be  a  compact  space  and 
projection  tt  of  the  product  PxK  onto  P 


P  be  any  space, 
is  a  closed  map. 


Then  the 


Proof :  Let  F  be  a  closed  subset  of  PxK  and  xe  (P  -  tt  (F) )  .  For 

each  y  e  K  there  exist  open  sets  U(y)  c  P  and  V(y)  c  K  such  that 

x  e  U(y)  ,  y  c  V(y)  ,  [U(y)  x  V(y)]  n  F  =  <J>  .  Choose  a  finite  subset  Y 

of  K  so  that  u{V(y)  |  y  e  Y}  =  K  .  Then  the  intersection 

U  =  n{U(y)  |  y  e  Y}  is  a  neighborhood  of  x  and  U  n  tt  (F)  =  <j>  .  Hence 

tt  (F)  is  closed  and  so  tt  is  a  closed  map. 

P  P 

Frolik's  result  is  an  immediate  consequence  of  these  two  lemmas. 


Theorem  12.3.  If  P  is  countably  compact  and  if  K  is  compact,  then 
the  product  PxK  is  countably  compact. 


Proof:  By  Lemma  12.2,  the  projection  is  a  closed  map  from  PxK  into 

P  ,  and  we  are  given  that  P  is  countably  compact.  Therefore,  if  we  can 
show  that  tt  ^(y)  is  countably  compact  in  PxK  for  every  y  £  P  ,  then 
we're  done  by  Lemma  12.1.  But  tt  ^(y)  is  homeomorphic  to  K  which  is 


. 
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compact,  and  hence  countably  compact.  Therefore  tt  ^(y)  is  countably 
compact,  which  completes  the  proof. 

This  is  Frolik’s  only  positive  result  on  the  question  of  a 
countably  compact  product.  On  the  other  hand,  he  is  able  to  characterize 
those  spaces  whose  product  with  a  countably  compact  space  is  NOT  countably 
compact . 


Let  F  denote  the  class  of  all  completely  regular  spaces  X 
whose  product  with  every  countably  compact,  completely  regular  space  Y  is 
countably  compact.  The  class  F  has  the  following  properties: 

Lemma  12.4.  Let  X^,X2  e  F  • 

(a)  If  F  is  a  closed  subspace  of  ,  then  F  e  F  . 

(b)  Xx  x  x2  e  F  . 

Proof :  (a)  Since  F  is  a  closed  subspace  of  X  ,  it  follows  that 

Fxy  is  a  closed  subspace  of  XxY  •  Since  closed  subspaces  of  countably 
compact  spaces  are  again  countably  compact,  it  follows  that  Fxy  is  coun¬ 
tably  compact.  Hence  F  c  F  . 

(b)  X2  e  F  implies  that  X^Y  is  countably  compact  for  every 
countably  compact,  completely  regular  space  Y  .  X^Y  must  also  be  com¬ 
pletely  regular,  and  since  X^eF  ,  it  follows  that  X^x(X2xY)  is  countably 
compact.  Hence  (X^xX2)xy  is  countably  compact  and  so  x^xX2  6  ^  • 

Frolik  is  now  able  to  characterize  those  spaces  P  which  do  not 
belong  to  the  class  F  . 
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Theorem  12.5.  Let  P  be  a  completely  regular  space.  Then  P  4  F  if 
and  only  if  P  satisfies  the  following  condition:  there  exists  an 
infinite  discrete  subset  N  of  P  such  that  for  every  compactification 
K  of  P  ,  there  exists  a  subset  S  of  K-P  such  that  the  subset  N  u  S 
of  K  is  countably  compact. 


Proof:  < -  .  Suppose  that  the  condition  is  satisfied.  Then  there 

exist  sets  N  c  p  and  S  c  K-P  where  K  is  some  compactification  of  P 
such  that  N  u  S  is  countably  compact.  Now  if  P  e  F  ,  then  Px(NuS) 
must  be  countably  compact.  Consider  the  infinite  discrete  closed  subset 
{(n,n)  |  n  e  N)  of  Px(NuS)  .  Clearly  this  set  is  countably  compact,  and 

since  a  closed  subset  of  a  countably  compact  space  is  countably  compact, 
it  follows  that  Px(NuS)  is  not  countably  compact.  Hence  P  i  F  . 

- >  .  Let  P  be  a  completely  regular  space  such  that  P  i  F  . 

Then  there  exists  a  countably  compact,  completely  regular  space  Q  such 
that  PxQ  is  not  countably  compact.  Two  cases  can  arise: 

(1)  if  P  is  not  countably  compact,  then  it  contains  an  infinite  closed 

_ 

discrete  subset  N  .  Let  us  put  S  =  N  -  N  where  N  denotes  the 
closure  of  N  is  some  compactification  K  of  P  .  The  space  N  u  S 
is  compact  and  hence  satisfies  the  condition. 


(2)  suppose  P  is  countably  compact.  PxQ  is  not  countably  compact  and 
so  there  exists  an  infinite  closed  discrete  subset  N'  of  PxQ  . 


Denote  by  Tip  and  the  projections  of  PxQ  onto  P  and  Q 

respectively.  Then  Up  and  are  open  and  continuous.  Since  the 

spaces  P  and  Q  are  countably  compact,  the  sets  TTp^x)  n  N'  and 
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tTq  (y)  n  N*  are  finite  for  each  x  e  P  and  y  e  Q  .  Then  it  follows 
that  for  some  infinite  subset  N"  of  N*  ,  the  sets  TTp^(x)  n  N"  and 
fTQ1(y)  n  N"  contain  at  most  one  point.  That  is,  (x,y)  e  N"  , 

(x',y')  e  N"  ,  (x,y)  4  (x',y')  implies  that  x  4  x'  ,  y  4  y*  .  Since 
every  infinite  Hausdorff  space  contains  an  infinite  discrete  subset,  we 
can  choose  an  infinite  subset  N  of  N"  such  that  the  sets  =  fTp(N) 

and  N2  =  tTq(N)  are  discrete.  Thus  N  represents  a  one-to-one  mapping 
from  onto  N^  .  For  each  y  e  ,  denote  by  U( y)  the  family 

of  all  neighborhoods  of  y  e  Q  . 


Now  let  K  be  any  compact if ication  of  P  .  For  each  y  e  N^-N^  , 

put  a(y)  =  n{NYUnN^)^  |  U  e  a(y)}  .  Since  the  space  K  is  compact,  the 

sets  a(y)  are  compact  and  non-empty.  Furthermore,  the  sets  a(y)  are 
disjoint  from  P  .  For  suppose  that  there  exists  a  point  x  e  a(y)  n  P  . 

We  assert  that  the  point  (x,y)  is  an  accumulation  point  of  the  set  N  , 
which  is  impossible.  Let  U  be  a  neighborhood  of  the  point  x  e  P  and 
let  V  be  a  neighborhood  of  y  e  Q  .  According  to  the  definition  of 

a(y)  ,  the  set  U  n  NCVnN^)  is  infinite  and  clearly  N  n  (U  V)  3  {(x,N  "*"(x)) 

|  x  e  U  n  N(VnN2)}  . 

Now  let  us  put  S  =  u{a(y)  |  y  e  N^  -  N^  .  It  remains  to  prove 
that  the  space  N-^uS  =  R  is  countably  compact.  First  let  N’  be  an 

infinite  subset  of  N^  .  The  set  N  ^(N*)  has  an  accumulation  point 

_  _ 

y  e  N  -  N„  .  It  is  easy  to  see  that  a(y)  n  N'  4  <J>  .  Indeed  the  family 

{N'  u  N(UnN2>  |  U  e  U(y)}  has  the  finite  intersection  property. 


. 
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Now  let  N*  be  an  infinite  discrete  subset  of  S  .  If  for 
some  y  £  the  set  N'  n  a(y)  is  infinite,  then  N'  has  an 

accumulation  point  in  a(y)  since  a(y)  is  a  compact  space.  In  the 
other  case,  the  sets  a(y)  n  N'  are  finite,  and  without  loss  of  general¬ 
ity  we  may  assume  that  they  contain  at  most  one  point.  For  each  x  e  N* 
choose  a  point  8(x)  £  -  N^  such  that  x  £  a(8(x))  .  By  our  assump¬ 

tion,  the  function  8  is  one-to-one.  Then  the  set  B(N')  must  be 
infinite.  Let  y  be  an  accumulation  point  of  B(N')  in  ^2  ~  ^2  * 
shall  prove  that  a(y)  n  N,K  4  <j>  .  Let  B  =  (NCUnN^)  K  |  U  £  U(y)}  .  By 

construction,  we  know  a(y)  =  n{B  |  B  e  B}  .  To  prove  the  last  statement, 

_ 

it  is  sufficient  to  show  that  B  e  B  implies  that  B  n  N*  4  <f>  .  Suppose 
- 

that  B  =  NCUnN^)  ,  where  U  e  U( y)  .  The  point  y  is  an  accumulation 
point  of  the  set  B(N')  and  therefore  we  may  choose  an  interior  point 
y'  of  U  belonging  to  B(N')  .  Hence  U  £  U(y')  and  a(y')  c  B  ,  and 
so  B  n  N'  4  <f>  .  Therefore,  if  y  is  an  accumulation  point  of  B(N') 

—  _ Y 

in  ^2  ~  ^2  ’  t*ien  a(y)  n  N'  4  <P  •  An  analogous  assertion  holds  for 

every  infinite  subset  N'  .  Choose  an  accumulation  point  y  of  B(N')  . 

_ 

It  is  easy  to  conclude  that  a(y)  n  N'  =  <J>  .  Indeed  a(y)  <=  N'-(x)  for 
each  x  £  N'  .  It  follows  that  every  point  of  a(y)  is  an  accumulation 
point  of  N'  ,  and  the  proof  is  complete. 

Note  that  Frolik's  study  was  restricted  to  completely  regular 
spaces.  Noble  is  also  able  to  provide  a  sufficient  condition  on  a  space 
X  in  order  that  the  product  space  X*Y  is  countably  compact  for  every 
countably  compact  space  Y  .  Then,  without  assuming  complete  regularity, 
he  is  able  to  characterize  those  spaces  which  satisfy  the  condition. 


. 

. 


84  - 


Denote  by  £  the  class  of  all  spaces  X  such  that  the  product 
space  X*Y  is  countably  compact  for  every  countably  compact  space  Y  . 

A  space  X  is  called  a  k-SPACE  if  each  subset  of  X  which  meets  every 
compact  subset  in  a  relatively  closed  set  is  itself  closed.  Note  that 
for  each  space  X  ,  there  is  a  unique  k-space,  say  kX  having  the  same 
underlying  set  and  the  same  compact  subsets  as  X  .  The  space  kX  is 
formed  by  adjoining  to  the  topology  on  X  all  those  subsets  whose  comple 
ments  meet  each  compact  set  in  a  relatively  closed  set. 

Let  C  denote  the  class  of  all  spaces  X  such  that  each 
infinite  subset  of  X  meets  some  compact  subset  of  X  in  an  infinite 
set.  We  will  show  that  c  £  . 

Theorem  12.6.  If  X  e  £  ,  then  XxY  is  countably  compact  for  every 

countablyccompact  space  Y  . 

Proof :  Suppose  that  XxY  contains  a  countably  infinite  closed  discrete 

subset  { (x  ,y  )}  .  Let  K  be  a  compact  subset  of  X  such  that 
n  n 

K  n  {x  }  =  {x  }  is  infinite.  Note  that  {x  }  must  be  infinite  since 
n  n  n 

Y  is  countably  compact.  Then  since  KxY  is  countably  compact, 

{ (x  ,x  )}  must  have  a  cluster  point.  Hence  XxY  is  countably  compact 
ni  ni 

Noble  now  characterizes  those  spaces  X  which  are  in  the  class 

* 

C  • 

Theorem  12.7.  X  e  £  if  and  only  if  kX  is  countably  compact.  Thus 

£ 

each  countably  compact  k-space  is  contained  in  C 


. 

V 
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Proof :  < — —  ,  Suppose  that  kX  is  countably  compact.  Then  any  coun¬ 

table  subset  which  meets  each  compact  set  in  only  finitely  many  points 
must  be  closed,  and  hence  finite  since  each  countable  closed  set  is  compact 
Therefore  X  e  £ 

- >  .  Suppose  kX  contains  an  infinite  closed  discrete 

subspace  D  .  Then  DnK  must  be  finite  for  each  compact  subset  K  of  X 

§13.  Pseudocompactness .  A  pseudocompact  space,  like  a  countably  compact 
space,  is  a  space  which  is  almost  compact.  A  space  X  is  said  to  be 
PSEUDOCOMPACT  if  every  continuous,  real  valued  function  on  X  is  bounded. 
There  isn't  a  great  deal  of  difference  between  pseudocompactness  and  counta 
bly  compactness.  In  fact,  every  countably  compact  space  is  pseudocompact 
and  in  normal  spaces,  they  are  equivalent.  Obviously,  every  compact  space 
is  pseudocompact,  and  every  closed  subspace  of  a  pseudocompact  space  is 
pseudocompact.  But  the  product  of  two  pseudocompact  spaces  need  not  be 
pseudocompact.  Example  6  of  §12  provides  the  counterexample. 

The  main  results  for  pseudocompact  products  have  been  obtained 
by  I.  Glicksberg,  Z.  Frolik,  and  N.  Noble.  Their  results  will  be  examined 
individually  and  in  chronological  order. 

Glicksberg  discusses  pseudocompactness  of  a  space  with  respect 
to  its  convergence  properties.  He  gives  the  following  characterization  of 
pseudocompactness . 

Theorem  13.1.  A  space  X  is  pseudocompact  if  and  only  if  every  sequence 
of  non-empty  open  sets  in  X  has  a  cluster  point. 


SjfgjyT 
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Proof :  >  .  A  sequence  of  non-empty  open  sets  yields  a  collection 

of  sets  which  is  either  locally  finite  or  not.  If  the  collection  is 
locally  finite,  some  point  lies  in  infinitely  many  sets  of  the  sequence 
and  is  a  cluster  point.  In  the  second  case,  there  must  be  some  point 
which  prohibits  local  finiteness.  This  point  is  clearly  the  required 
cluster  point. 

<  -  .  Since  every  sequence  of  non-empty  open  sets  in  X  has 

a  cluster  point,  it  follows  that  every  locally  finite  collection  of  open 
sets  is  finite.  That  X  is  pseudocompact  follows  immediately. 

Using  this  result,  Glicksberg  is  able  to  prove  the  following 
theorem  concerning  infinite  pseudocompact  products. 

Theorem  13.2.  Any  product  of  spaces  is  pseudocompact  if  and  only  if  each 
countable  subproduct  is  pseudocompact. 

Proof :  - >  .  Clearly  each  factor  space  and  each  partial  product  must 

be  pseudocompact  since  continuous  functions  on  these  spaces  may  be 
considered  as  continuous  functions  on  the  full  product. 

<  -  .  It  suffices  to  show  that  every  sequence  of  non-empty 

canonical  neighborhoods  in  IIX^  has  a  cluster  point.  Since  each  neigh¬ 
borhood  places  retrictions  on  only  finitely  many  factor  spaces,  only 

countably  many  spaces  are  involved,  say  X  ,X  , •••  .  Choosing  any 

“l  a2 

cluster  point  of  the  projection  of  our  sequence  into  n  X  ,  we  can,  by 

i  1 

arbitrary  choice  of  all  other  coordinates,  clearly  extend  this  to  a  cluster 
point  of  the  original  sequence. 
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Glicksberg  was  also  able  to  provide  an  answer  to  the  following 
question:  under  what  conditions  on  X  and  Y  will  the  product  XxY 

be  pseudocompact.  When  X  and  Y  are  infinite,  completely  regular 
spaces,  the  following  theorem  provides  an  answer. 

Theorem  13.3.  Let  X  and  Y  be  infinite,  completely  regular  spaces. 

Then  X*Y  is  pseudocompact  if  and  only  if  8 (XxY)  =  BXxgY  . 

Glicksberg  proves  this  theorem  in  a  more  general  form,  namely 
for  arbitrary  products.  The  proof  of  the  above  theorem  will  not  be  given 
now  since  it  appears  later  as  part  of  a  theorem  due  to  Frolik  (Theorem  13.6). 

Frolik  attempts  to  find  the  conditions  under  which  a  product  XxY 
will  be  pseudocompact  if  X  and  Y  are  pseudocompact.  Using  Glicksberg' s 
result  concerning  the  Stone-Cech  compactification  of  the  product  and  by 
adding  a  third  equivalent  condition,  he  is  able  to  simplify  Glicksberg' s 
proof  considerably.  Before  stating  Frolik' s  theorem,  we  must  establish  two 
lemmas . 

Lemma  13.4.  Let  X  and  Y  be  completely  regular  infinite  spaces.  If  the 
product  XxY  is  not  pseudocompact,  then  there  exists  a  locally  finite 
sequence  °f  non-empty  canonical  open  subsets  of  XxY  such  that 

the  sequences  {U^}  and  {V^}  are  disjoint. 

Proof :  Suppose  that  one  of  the  spaces,  say  X  ,  is  not  pseudocompact. 

Then  there  exists  a  locally  finite  disjoint  sequence  {U  }  of  non-empty 
open  subsets  of  X  .  Since  Y  is  an  infinite  Hausdorff  space,  we  can 
select  a  disjoint  sequence  {V^}  of  non-empty  subsets  of  Y  .  Then  the 
sequence  has  t^ie  desired  properties. 


' 

- 


88  - 


Now  suppose  that  X  and  Y  are  pseudocompact  spaces.  Let 

(U^xV^  |  n  €  N}  be  a  locally  finite  sequence  of  non-empty  open  subsets 

of  X*Y  .  Suppose  that  {U^xV^  |  n  e  N'}  is  a  subsequence  of  the  given 

sequence.  We  will  show  that  for  each  x  e  X  ,  there  exists  an  open  neigh- 

norhood  U  of  x  such  that  U  n  U'  =  <j>  for  an  infinite  number  of  n  eN*  . 

n 

For  suppose  the  contrary.  Then  select  a  cluster  point  y  of  {V1  I  n  e  N' } 

n 

and  it  readily  follows  that  (x,y)  is  a  cluster  point  of  {IT  XV^  |  n  e  N'} 
which  is  a  contradiction. 


Therefore  we  can  choose  by  induction  a  sequence  n^>n2  ***  e  ^ 

and  open  non-empty  sets  U  c  U'  such  that  the  sequence  {U  }  is  dis- 

ni  ni  ni 

joint.  Applying  the  same  argument  to  the  sequence  {U  xV'  }  ,  we  obtain 

n  n . 
i  i 

a  subsequence  {n  }  of  {n  }  and  open  non-empty  sets  V  c  V'  such 

i^  i  n.j  n-j 

k  \  1k 

that  the  sequence  {V  }  is  disjoint.  The  sequence  {U  x  V  }  has 

n .  n  n 

1k  ik  i. 

k 

the  desired  properties. 


Lemma  13.5.  Let  f  be  a  continuous  function  on  a  completely  regular, 
pseudocompact  space  XxY  .  If  K  is  a  compactification  of  Y  such  that 
every  function  f(x,  )  has  a  continuous  extension  to  K  ,  then  f  has  a 
continuous  extension  to  XxK  . 


Proof :  We  can  extend  continuously  every  function  f(x,  )  on  {x}  x  K  . 

In  this  manner,  we  obtain  a  function  f  on  XxK  .  We  shall  prove  that 

f*  is  continuous.  Given  (x  ,y  )  e  XxK  and  e  >  0  ,  we  must  find  a 

o  o 

neighborhood  W  =  UxV  of  (X0»Y0)  such  that  lf  (xo»yo)  “  f  (x»y) I  <  6 
for  each  (x,y)  e  W  .  Choose  an  open  neighborhood  V  of  yQ  e  K  such 


. 
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that  |f  (x  ,y)  -  f  (x  ,y  )  <  e  for  each  y  e  V  .  Now  the  space 

o  o  o 

- Y 

(VnY)  is  pseudocompact  and  so  we  may  choose  an  open  neighborhood  U 
of  Xq  such  that  for  each  x  e  U  we  have 


and 


inf  f (x,y) 
yeVnY 


>  f*(xo>yo)  -  2e 


■k 

sup  f(x,y)  <  f  (x  ,y  )  +  2c 
yeVnY  °  ° 

Then  it  follows  that  |f  (x,y)  -  f  (xQ,y  ) |  <  2e  for  each  (x,y)  e  UxV 

•k 

Hence  f  is  continuous. 

Frolik's  result  on  pseudocompactness  in  products  is  contained 
in  the  following  theorem. 

Theorem  13.6.  Let  X  and  Y  be  infinite,  completely  regular  spaces. 
Then  the  following  are  equivalent. 

(a)  X*Y  is  pseudocompact. 

(b)  6(XxY)  =  3Xx0Y  (that  is,  every  bounded,  continuous  function  on  XxY 
has  a  continuous  extension  to  8Xx$Y  ). 

(c)  if  f  is  a  bounded,  continuous  function  on  XxY  ,  then  for  every 

e  >  0  ,  there  exists  a  finite  cover  U  =  {A,,***,A  }  of  XxY  consis 

I  n 

ting  of  canonical  open  sets  A^  on  each  of  which  f  varies  <  e  . 

Proof:  (a)  -*  (b).  Let  f  be  a  continuous  function  on  XxY  .  By  Lemma 

13.5,  there  exists  a  continuous  extension  of  f  to  XxgY  .  By  the  same 
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lemma,  this  extension  has  a  continuous  extension  to  BX><3Y  . 

(b)  (c)  .  Let  f  be  a  bounded,  continuous  function  on  XxY  . 

* 

Denote  by  f  the  continuous  extension  of  f  to  3X*3Y  .  Let 
denote  the  family  of  all  canonical  open  subsets  of  3Xx3Y  on  which  f* 
varies  <  e  .  Then  U ^  is  an  open  cover  of  the  compact  space  BXx3Y  . 
Hence  some  finite  subfamily  U 2  of  U  also  covers  3Xx3Y  .  The  family 
U  =  {Un(XxY)  |  U  e  U has  the  desired  properties. 

(c)  ->  (a)  .  Suppose  that  XxY  is  not  pseudocompact.  Then,  by 

Lemma  13.4,  there  exists  a  locally  finite  sequence  {W  }  =  {U  xV  }  of  non- 

n  n  n 

empty  canonical  open  subsets  of  XxY  such  that  the  sequences  {U  }  and 

(V  }  are  disjoint.  Choose  points  z  e  W  and  continuous  functions 
n  J  n  n 

f  <  1  such  that  f  (z  )  =  1  and  f  (z)  =  0  for  each  z  i  W  .  Then 
n  —  n  n  n  n 

00 

f  =  £  f  is  a  bounded  continuous  function  on  XxY  .  If  A  =  A  x  A? 

n=l  n  1  Z 


is  a 

subset  of 

XxY 

containing  two  points  z^ 

and  z, 
k 

with  n  i-  k  , 

then 

f  varies 

>_  1 

on  A  .  Indeed,  if  z ^  = 

(ac±  ,y±) 

i  =  12  •  •  • 

y  x  -1-  y  ^  y  y 

then 

the  point 

(x  ,y 
n 

,  )  e  A  and  f(x  ,y.  )  =  0  . 
k  n’yk 

Hence 

f(zn)  -  f(*n,yk>  * 

1  . 

Hence  condition 

(c)  is  not  satisfied  and  we 

have  a 

contradiction. 

Let  us  denote  by  V  the  class  of  all  completely  regular  spaces 
X  such  that  XxY  is  pseudocompact  for  every  pseudocompact  regular  space 
Y  .  Frolik  was  also  interested  in  the  kinds  of  spaces  which  belong  to  the 
class  V  .  The  following  properties  concerning  the  class  V  are  evident: 

(a)  If  X  e  V  and  Y  is  a  completely  regular  space  which  is  a  continuous 
image  of  X  ,  then  Y  e  V  . 
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(b)  X,Y  e  V  if  and  only  if  XxY  e  V  . 

(c)  If  F  is  a  regularly  closed  subspace  of  X  e  V  (that  is, 

F  =  Cl^Int^F))  then  F  e  V  . 

The  next  two  theorems  provide  a  great  many  examples  of  spaces 
which  belong  to  the  class  V  . 

Theorem  13.7.  Compact  spaces  belong  to  V  . 

Proof :  Let  X  be  a  pseudocompact  space  and  let  K  be  a  compact  space. 

To  prove  that  X*K  is  pseudocompact,  it  is  sufficient  to  show  that  every 
bounded  continuous  function  f  on  X*K  assumes  its  lower  bound.  X  is 

pseudocompact  and  hence  assumes  its  lower  bound  at  a  point  x  .  The 

function  f(x,  )  on  {x}  x  K  assumes  its  lower  bound  at  a  point  y  . 
Evidently  f  assumes  its  lower  bound  at  (x,y)  . 

Theorem  13.8.  A  space  X  belongs  to  V  if  it  satisfies  the  following 

condition:  if  U  is  an  infinite  disjoint  family  of  non-empty  open  sub¬ 
sets  of  X  ,  then  for  some  compact  subset  K  of  X  ,  the  intersection 
K  n  A  is  non-empty  for  an  infinite  number  of  sets  A  e  U  . 

Proof :  Suppose  that  X  i  V  .  Then  for  some  pseudocompact  completely 

regular  space  Y  ,  the  product  XxY  is  not  a  pseudocompact  space.  By 
Lemma  13.4,  there  exists  a  locally  finite  sequence  ^nx^n-^  °f  non-empty 
open  subsets  of  XxY  such  that  the  sequence  {U^}  is  disjoint.  By  the 
given  condition,  there  is  a  compact  space  K  meeting  an  infinite  number  of 
sets  .  Consider  the  space  XxY  .  By  Theorem  13.7,  KxY  is  pseudocom- 


Mb 


92 


compact.  But  { (U  xv  )  n  (KxY)  |  U  n  K  4  4>>  is  a  locally  finite 

n  n  n 

sequence  of  non-empty  open  subsets  of  KxY  ,  which  is  a  contradiction. 

Hence  X  e  V  . 

Finally,  Frolik  is  able  to  characterize  those  spaces  which 
belong  to  the  class  V  . 

Theorem  13.9.  A  completely  regular  space  X  belongs  to  the  class  V 
if  and  only  if  it  satisfies  the  following  condition:  if  U  is  an  infin¬ 
ite  disjoint  family  of  non-empty  open  subsets  of  X  ,  then  there  exists  a 
disjoint  sequence  {lO  in  U  such  that  for  every  filter  W  of  infinite 

subsets  of  N  =  {n}  ,  we  have  n  u  U  4  <f>  . 

N^eW  neN  n 

Proof :  < -  .  Suppose  that  the  condition  holds  and  let  Y  be  a 

pseudocompact  space,  and  suppose  that  XxY  is  not  pseudocompact.  The 

spaces  X  and  Y  are  infinite  and  by  Lemma  13.4  there  exists  a  sequence 

(Un^n^  non“emPty  open  subsets  of  XxY  such  that  the  sequence  {U^} 

is  disjoint.  By  the  above  condition,  there  exists  a  subsequence  {U^,} 

of  {U  }  such  that  n  u  U  ,  4  <j>  for  every  filter  W  in  the  set  N 
n  N'cW  n’eN*  n 

of  all  integers  n  .  Consider  the  locally  finite  sequence  ^unxVn  I  n  e  N}. 

Let  y  be  a  cluster  point  of  {V  |  n  e  N}  .  Let  8  be  the  family  of  all 

neighborhoods  of  the  point  y  .  For  each  B  e  8  ,  put  N(B)  =  {n  j  n  e  N  , 

B  n  V  =  d>}  .  Then  W  =  (N(B)  I  B  e  }  is  a  filter  in  N  and  by  our 
n 

assumption,  we  may  choose  an  x  e  n  u  U  Evidently  (x,y)  is  a 

N^eW  neN^  n 

cluster  point  of  the  sequence  {U  xV  I  n  e  N}  which  gives  us  a  contra- 
r  n  n 

diction.  Hence  XxY  is  pseudocompact  and  X  e  V  . 
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>  .  Suppose  that  X  is  a  completely  regular  space  which 

does  not  satisfy  the  given  condition.  Then  there  exists  a  countably 

infinite  disjoint  family  {U^  |  n  e  N}  of  non-empty  open  subsets  of  X 

such  that  if  Nq  is  any  infinite  subset  of  N  ,  then  n  u  U  =  <f> 

N^W  neN1  n 

for  some  filter  M  in  Nq  .  Selecting  points  in  and  denoting 

the  set  of  all  these  z^  by  Z  ,  consider  the  space  Y  =  Z^  -  (X-Z)  . 

By  our  assumption,  the  space  Y  is  pseudocompact  since  every  infinite 

subset  Zq  of  Z  has  an  accumulation  point  in  Y  .  If  we  denote  by 

N'  the  set  of  all  n's  such  that  z  e  Z  ,  then  there  exists  a  filter 

n 

W  in  N'  such  that  n  u  U  =  <J>  .  But  every  point  of  the  non-empty 

N-jcW  net^  n 

_ _ DV 

set  n  u  (U  nZ)p  is  an  accumulation  point  of  Z  in  Y  .  We  will 

neN1  n 

show  that  X*Y  is  not  pseudocompact.  First  note  that  the  one  point 

sets  {z  }  are  open  in  Y  .  Consider  the  family  U  =  {U  *{z  }  |  n  e  N} 
n  J  n  n  1 

of  non-empty  subsets  of  XxY  .  We  will  show  that  U  is  locally  finite. 

Let  z  be  a  cluster  point  of  Z  in  Y  .  Consider  the  family  of  all 

intersections  Z  n  W  where  W  is  a  neighborhood  of  z  .  Then,  by  our 

- X 

construction,  n  u  U  =  <j>  and  hence  for  each  x  e  X  we  may  choose 

Z.eW  z  eZ  n 
1  n  1 

a  neighborhood  U  of  x  and  a  set  Z'  in  N  such  that  u  U  n  U  =  <J> 

Zi  ^ 

n 

Selecting  a  neighborhood  V  of  z  in  Y  such  that  Z  n  V  =  Z'  ,  it  is 

easily  seen  that  UxV  is  a  neighborhood  of  (x,z)  meeting  no  set 

U  x{z  }  ,  n  e  N  .  Hence  XxY  is  not  pseudocompact  and  so  X  i  V  which 
n  n 

is  a  contradiction.  Therefore  the  condition  must  hold. 


Noble's  work  is  quite  similar  to  Frolik's  in  that  he  uses  many 


. 
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of  Frolik’s  ideas  and  is  able  to  extend  a  few  of  Frolik's  results.  Using 
Frolik’s  notation,  let  V  denote  the  class  of  all  completely  regular 
spaces  X  such  that  XxY  is  pseudocompact  for  every  completely  regular, 
pseudocompact  space  Y  .  Frolik  was  able  to  show  that  the  product  of 
two  spaces  from  V  is  again  in  V  .  Noble  was  able  to  extend  this  theorem 
to  arbitrary  products. 

Before  proving  this  theorem,  we  need  a  lemma.  Let  P  represent 
the  following  condition:  for  each  filter  $  consisting  of  infinite  sub¬ 
sets  of  N  ,  n  u  U  4  <p  . 

N'  neN'  n 

Lemma  13.13.  Let  {U  I  n  e  N}  be  a  family  of  subsets  of  X  . 
-  n 

(a)  If  {U  }  satisfies  condition  P  ,  if  S  is  any  finite  collection  of 

n 

subsets  of  X  ,  and  if  {S^}  is  anY  indexing  of  {U^uS}  by  N  , 

then  {S  }  satisfies  the  condition  P  . 
n 

(b)  If  X  is  in  V  and  each  is  non-empty  and  open,  then  for  some 

infinite  N'  c  N  ,  {U  I  n  e  N' }  satisfies  the  condition  P  . 

Proof :  (a)  This  is  obvious. 

(b)  Choose  xi  e  Ui  =  Un  .  If  each  neighborhood  of  x^  meets 

all  but  finitely  many  of  the  ,  we  are  done.  If  not,  then  there  exists 

an  open  neighborhood  of  x  and  an  infinite  subset  of  N 

such  that  V,  n  U  =6  for  each  n  e  Nn  .  Proceeding  inductively,  choose 
In  I 

n  e  N  and  x  e  U  .  Either  each  neighborhood  of  x,  meets  all  but 

k  k-1  k  n.  k- 

k 
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finitely  many  of  the  sets  U  with  n  e  N,  1  ,  or  there  exists  an  open 

n  k-1 

neighborhood  V  c  U  of  x.  and  an  infinite  subset  N,  of  N.  , 

k  —  n,  k  k  k-1 

k 

such  that  V  n  U  =  <J)  for  each  n  e  N,  .  If  the  induction  continues, 
k  n  k 

we  obtain  an  infinite  disjoint  family  {V^}  of  non-empty  sets.  Since 
X  is  in  V  ,  some  infinite  subfamily  of  {V  }  and  hence  some  infinite 


subfamily  of  {U  }  must  satisfy  P  . 

nk 


Theorem  13.14.  The  class  V  is  closed  under  arbitrary  products. 


Proof :  We  have  previously  shown  that  a  product  space  is  pseudocompact 

if  and  only  if  each  of  its  countable  subproducts  is  pseudocompact  (Theorem 
13.2).  Therefore  a  product  space  is  in  V  if  and  only  if  each  of  its 
countable  subproducts  is  in  V  .  Then  it  suffices  to  consider  a  countable 
product,  say  X  =  II  X  of  members  from  V  . 


Let  F  be  an  infinite  collection  of  non-empty  open  subsets  of 

X  .  We  may  suppose  that  F  =  {U  }  where  each  U  =  II  IJ1  with  every  U1 

n  n  i  n  n 

open,  and  for  each  n  ,  all  but  finitely  many  of  them  equal  to  X^  . 


Using  part  (b)  of  Lemma  13. 

13,  choose  infinite  subsets 

N. 

l 

of 

N 

with 

N  c  N,  such  that  (U^  1 

i  —  i-1  n  1 

n  £  N^}  satisfies  the  condition 

P  . 

Choose 

n^  e  t'L  and,  using  part  (b) 

of  Lemma  13.13,  assume  that 

for 

j  <  i 

nj 

is 

in  N,  .  To  see  that  {U 
i  n 

i  £  N)  satisfies  condition 

P  , 

let 

$  be  any  filter  consisting  of  infinite  subsets  of  N  and  choose,  inductive 

k 


ly,  x^  e  X  so  that  (x  ,  •  •  •  ,x  )  is  the  closure  of  u 

Tc  k  lk  jeN'  i=1  n, 


n  U  for 

j 


each  N'  e  $  .  (This  can  be  done  by  part  (a)  of  Lemma  13.13.)  Then  for 


. 
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x  =  (x^ ,  •  •  •  ,x^ ,  •  •  •  )  ,  x  is  in  the  closure  of  u  U  for  each  N*  e  $  . 

jeN'  nj 


Therefore,  we're  done  by  Theorem  13.9. 


Let  V  denote  the  class  of  all  spaces  X  with  the  following 
property:  each  infinite  collection  of  disjoint  open  sets  has  an  infinite 

subcollection  each  of  which  meets  some  fixed  compact  set.  Frolik  was  able 
to  show  that  any  space  satisfying  this  condition  belongs  to  V  (Theorem 
13.8).  Hence  V*  c  V  . 


Noble  was  able  to  characterize  some  of  the  spaces  which  belong 

to  the  class  V*  .  A  space  X  is  said  to  be  a  k-  -  SPACE  if  it  has  the 

following  property:  a  real  valued  function  with  domain  X  is  continuous 

if  its  restriction  to  each  compact  subset  of  X  is  continuous.  As  with 

k  -  spaces,  associated  with  each  space  X  there  is  a  unique  k  -  space, 

say  k_  X,  having  the  same  underlying  set  and  the  same  compact  subsets  as 
K 

x  . 

Theorem  13.15.  A  k„  -  space  is  pseudocompact  if  and  only  if  it  is  in 
- K 

"k  * 

V  .  Thus  if  k  X  is  pseudocompact,  then  X  is  in  V 

K 

* 

Proof:  < -  .  It  is  clear  that  any  space  in  V  is  pseudocompact. 

k 

- >  .  Suppose  X  is  a  k  -  space  which  is  not  in  V  .  Let 

K 

(U  }  be  a  countable  collection  of  disjoint  open  subsets  of  X  such  that 
n 

for  each  compact  K£X,KnUn=<j)  with  only  finitely  many  exceptions. 

For  each  n  ,  let  f  be  a  continuous  real-valued  function  which  maps 

n 

X  -  U  to  0  and  some  point  in  U  to  n  .  Set  f  =  T  f  .  Then  f  is 
n  n  r  n 


' 
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continuous  on  compact  sets  and  hence  continuous.  But  f  is  unbounded, 
so  X  is  not  pseudocompact  which  is  a  contradiction. 

§14.  Perfect  Normality.  A  space  X  is  said  to  be  PERFECTLY  NORMAL  if 
it  is  normal  and  each  closed  subset  in  X  is  a  Gg  .  Equivalently,  X 
is  perfectly  normal  if  it  is  normal  and  each  open  subset  in  X  is  an  Fa  . 
The  product  of  two  perfectly  normal  spaces  need  not  be  perfectly  normal. 

The  Sorgenfrey  line  (§1.1)  is  an  example  of  a  perfectly  normal  space  whose 
product  with  itself  is  not  perfectly  normal. 

Morita  was  able  to  determine  that  it  is  sufficient  for  a  space 
to  be  perfectly  normal  in  order  that  the  product  space  XxY  be  perfectly 
normal  for  every  metric  space  Y  .  The  following  lemma  is  needed. 

Lemma  14.1.  Every  perfectly  normal  space  is  a  P  -  space. 

Proof:  Every  open  subset  of  a  perfectly  normal  space  is  an  F  subset, 

so  this  result  follows  immediately  from  Lemma  2.1. 

Theorem  14.2:  If  X  is  a  perfectly  normal  space,  then  XxY  is  perfectly 

normal  for  every  metric  space  Y  . 

Proof:  By  Lemma  14.1,  we  have  that  X  must  be  a  P  -  space.  Then  X  is 

a  normal  P  -  space  which  implies  that  XxY  is  normal  by  Theorem  2.18.  We 
must  show  that  any  open  subset  of  XxY  is  an  F^  . 

Suppose  G  is  any  open  subset  of  XxY  .  Let  {V^  |  a  e  !]}  be 
a  a  -  locally  finite  open  basis  of  Y  .  Then  there  exist  open  subsets 


' 
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H  ,  a  e  of  X  such  that  G  =  u{H  xV  a  e  ft}  .  Since  each  H  *v 
a  a  a  1  a  a 

is  an  F  and  {H  xV  I  a  e  ft}  is  a  a  -  locally  finite  collection  in 
a  a  a  ' 

X*Y  ,  it  follows  that  G  is  an  F 

a 


BIBLIOGRAPHY 


[Do] 

Dowker,  C.H.  "On  Countably  Paracompact  Spaces",  Can.  J.  Math 

1,  219-224  (1951). 

[Du] 

Dugundji.  Topology.  Allyn  and  Bacon,  Inc.,  Boston  (1966). 

tV 

Frolik,  Z.  "On  the  Topological  Product  of  Paracompact  Spaces". 

Bull.  Acad.  Polon.  Sci.  8,  747-750  (1960). 

[F2J 

Frolik,  Z.  "The  Topological  Product  of  Countably  Compact 

Spaces".  Czech.  Math.  J.  10,  329-338  (1960). 

[f3] 

Frolik,  Z.  "The  Topological  Product  of  Two  Pseudocompact  Spaces" 

Czech.  Math.  J.  10,  339-348  (1960). 

[GJ] 

Gillman,  L. ,  and  Jerison,  M.  Rings  of  Continuous  Functions.  Van 

Nostrand  Company  Ltd.,  Toronto  (1960). 

[G] 

Glicksberg,  I.  "Stone-Cech  Compactif icat ions  of  Products". 

Trans.  Am.  Math.  Soc.  90,  369-382  (1959). 

[I] 

Ishii,  T.  "On  Product  Spaces  and  Product  Mappings".  J.  Math. 

Soc.  Japan  18,  166-181  (1966). 

[Kate] 

Katetov,  M.  "Complete  Normality  of  Cartesian  Products".  Fund. 

Math.  35,  271-274  (1948). 

[Katu^] 

Katuta,  Y.  "A  Theorem  on  Paracompactness  of  Product  Spaces". 
Proc.  Japan  Acad.  43,  615-618  (1967). 

[Katu2 ] 

Katuta,  Y.  "On  the  Normality  of  the  Product  of  a  Normal  Space 

with  a  Paracompact  Space".  Gen.  Top.  and  its  Appl.  1,  295- 

319  (1971). 

4 

' 

Michael,  E.  "A  Note  on  Paracompact  Spaces".  Proc.  Am.  Math. 
Soc.  4,  831-838  (1953). 

Michael,  E.  "Paracompactness  and  the  Lindelof  Property  in 
Finite  and  Countable  Cartesian  Products".  Comp.  Math.  23, 
199-214  (1971). 

Morita,  K.  "A  Condition  for  Met rizability  of  Topological 

Spaces  and  for  n-Dimensionality".  Sci.  Reports  Tokyo  Kyoiku 
Daigaku,  Sect.  A,  5,  33-36  (1955). 

Morita,  K.  "Note  on  Paracompactness".  Proc.  Japan  Acad.  37, 

1-3  (1961). 

Morita,  K.  "Paracompactness  and  Product  Spaces".  Fund.  Math. 
50,  223-236  (1962). 

Morita,  K.  "On  the  Product  of  a  Normal  Space  with  a  Metric 
Space".  Proc.  Japan  Acad.  39,  148-150  (1963). 

Morita,  K.  "On  the  Product  of  Paracompact  Spaces".  Proc. 

Japan  Acad.  39,  559-563  (1963). 

Morita,  K.  "Products  of  Normal  Spaces  with  Metric  Spaces  I". 
Math.  Ann.  165,  365-382  (1964). 

Morita,  K.  "Products  of  Normal  Spaces  with  Metric  Spaces  II". 
Sci.  Reports  Toyko  Kyoiku  Daigaku  8,  1-6  (1963). 

Noble,  N.  "Countably  Compact  and  Pseudocompact  Products". 

Czech.  Math.  J.  19,  390-397  (1969). 

Rudin,  M.E.  "A  Normal  Space  X  for  which  Xxl  is  not  Normal" 
Fund.  Math.  73,  179-186  (1971). 


. 


101  - 


[So]  Sorgenfrey,  R.H.  "On  the  Topological  Product  of  Paracompact 

Spaces".  Bull.  Am.  Math.  Soc.  53,  631-632  (1947). 

[St]  Stone,  A.H.  "Paracompactness  and  Product  Spaces".  Bull.  Am. 

Math.  Soc.  54,  977-982  (1948). 

[Su]  Suzuki,  J.  "Paracompactness  and  Product  Spaces"  Proc.  Japan 

Acad.  45,  457-460  (1969). 

[Ta^]  Tamano,  H.  "On  Paracompactness".  Pac.  J.  Math  10,  1043-1047 

(1960). 

[Ta2]  Tamano,  H.  "On  Compactif ications".  J.  Math.  Kyoto  Univ.  1, 

162-193  (1962). 

[Ta^]  Tamano,  H.  "Note  on  Paracompactness".  J.  Math.  Kyoto  Univ. 

3,  137-143  (1963). 

[Ta^]  Tamano,  H.  "Normality  and  Product  Spaces".  Gen.  Top.  and  Its 

Relation  to  Modem  Analysis  and  Algebra  II.  (Proc.  Sympos. , 
Prague,  1966),  Academic  Press,  New  York  (1967),  349-352. 

[Ts]  Tsuda,  M.  "On  the  N>rmality  of  Certain  Product  Spaces".  Proc. 

Japan  Acad.  40,  465-467  (1964). 

[W]  Willard,  S.  General  Topology.  Addison-Wesley  (Canada)  Ltd., 

Don  Mills  (1970). 


' 


' 


